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Chapter 1

Introduction

1.1 Control Problems as Games

Control systems are at the heart of the technology that wanuse daily lives. These systems run our
cell phones, microwaves, and cars, and direct the devicesspmnd to the press of a button. When
our dependence on such devices is critical, as in medicatglitdry devices, much more effort must
be expended to ensure correct operation, usually at signtfiexpense. There is growing evidence
that, even for less critical applications, failures havailassantial cumulative cost (in 2002, this was
estimated at $59 billion in the United States [12]); in effenany devices are becoming “mission
critical” to our economy. Thus, a better understanding ef tireory of control systems will have
widespread implications.

The actual mechanics of a control system in an embeddedad@kies the form of a state machine.
Sensors gather data about the environment, which the dienitombines with internal state variables
to determine an appropriate response. Mathematicallyanghen model the system as a graph where
nodes represent the state of the sensors and internal lestiand directed edges represaations
by the controller or environment that change the state. KNatan action might represent multiple
variables or sensors changing simultaneously; the stdread nodes of the action indicate how the
system state has changed. We assume that that sensorshepaftita digitally, resulting in a finite
and discrete state space for the entire system.

In Figure 1.1, we show a graph representation of a very siropigroller for the “automatic
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Figure 1.1: An example graph modeling a simplistic conémolor the “automatic transmission” of an
automobile. The controller can set the transmission to HI@mgear, and a sensor indicates whether
the terrain is flat or steep. Edges indicate changes in $tat@tr model allows.

;

transmission” of an automobile; the problem the contraiérying to solve is how to control the gear
shifting of the vehicle in response to the environment. Toretller has one sensor, which indicates
whether the terrain being driven on is flat or steep, and itrotsone internal variable which sets the
gear shift into HI or LO mode. When the controller indicatesargchange, it does so via one of the
actionsCGear A, Gear B, Gear C, or Gear D— moving the current state of the system between the top
half of the graph and the bottom half. Changes in the enviemtrare indicated by a corresponding
set of four actions that move the current state of the systtmwden the left and right halves of the
graph. An important point is that our model doesn’t necélysiadicate every possible state change.
For instance, it is possible that the terrain might changmfflat to steep in the same instant that the
controller changes the gear from HI to LO. There is no edgeiguiré 1.1 that allows such a state
change, but our model accommodates the possibility by allpthe system to traverse through one
of the intermediate states for an instant; e.g., by a playesfr ai nA followed by Gear D with no
advancement of time. The partitioning of actions into thbkéh can be controlled and those which
are uncontrolled, and the ability to treat concurrent axtias the composition of two actions with
zero delay between them, simplifies both the modeling andrlagysis of the system.

A useful paradigm in the study of control systems has beerigw guch systems as a game
between the controller and the environment; the contralt#s to ensure some goal, and the environ-
ment (in the worst case) acts to prevent the goal. Edges istéite graph represent moves that one
player or the other can take. (This is why we chose to leavalmiedge connecting the diagonal

states in Figure 1.1, as discussed above. There is no ahtbeither the controller or environment



can take independently that forces such a state changes cahting of the problem allows us to
draw on results and techniques from game theory to definegtes for the controller to achieve its
goal [7, 17, 16]. Although this works in the simplest casegsj-time systems have additional dead-
line requirements; for instance, shutting down a nucleacta when the emergency stop is pressed.
Timed gamegcorporate time variables into the state space [2], amlvathe specification ofuards

on moves of the game to model the deadlines; incrementingnef tariables can be accomplished
(as in our framework) through an expli¢itk action. Work on timed games has primarily focused on
safety, reachability, and otherregular goals [14, 3, 4, 11, 8].

Even with the addition of a time component, our model fromuFégl.1 is only partially helpful.
Suppose that the system is in the state where the car is in BOvggle the terrain is flat (the lower
left node of the graph); by appealing to intuition (or pogsgpme analysis of the physical system),
we know that the controller should change the gear shift tgé&#r. There is not actually enough
information in the model for us to decide this, however. Bdiad costs to the actions, we can model
resources and ask whether it is possible for the contraienake optimal use of them. The goal
of efficiencyin priced timed gamefb, 1] is one that has only recently been studied, primarilyhie
context of efficient reachability. In this paper, we consithe problem of a priced timed game which
is played forever by two players. Their opposing goals amméximize and minimize the long-run

average cost of the game.

A Priced Timed Game

In our formulation of the controller problem, there are tayers, thecontroller and theenvironment
moving a token around a finite graph. At each round, they awantly choose a move from those
available from the current location of the token. Moving thken from one position in the graph to
another we call aimmediate movemodeling the actions of the environment and responseséy th
controller. There are also twoned movesavailable for modeling the passage of time which influence
the game clock without moving the game tokek; andA;. The moveA,; signals the desire by a
player to advance the clock variables by one time step, whidge A, does not advance the game
clock, which we call astuttering step (Time steps are discrete units of time; they might represen

seconds or minute or other arbitrary time increment. Theightrbe multiple clock variables that



measure the elapsed time since they were reset; all of theaneel on an increment of the game
clock.) The outcome of each round is determined as follomsnédiate moves take precedence over
timed moves, the game clock only advances when both playagysy , and if both players choose
an immediate move then one is nondeterministically chosemave the token.

We associate rewards with each move as well. The goal of thieatler is to maximize the long-
run average reward (the total reward accumulated so faidetivby the elapsed time on the game
clock, as the game becomes infinitely long), while the emritent plays to minimize the long-run
average reward. We present published results for the caseewéward is linked to the advancement
of time.

The game structure, as we have defined it, can be specifieddnjasian of the notation for timed
automata. Each location is labeled by two invariants (omeéxh player), which specify how long
the controller and environment can stay at the location. adtions labeling the edges correspond to
immediate moves, and each one of them belongs to one of thplawyers. Each location is labeled
with the reward that is accumulated if time advances one stap while in that state. Figure 1.2
shows an expanded model of the “automatic transmissiontrakber previously discussed, using a
priced timed game as the basis.

Engines have a heat budget which they must operate withiardothey fail catastrophically; we
model this constraint as two deadlines. The first deadlinred@ted by an invariant on the controller)
requires that the automobile is to operate in HI gear on ggjesde for no more than ten minutes,
before it must down-shift. The second deadline (modeled fyaad on theReset action) requires
a cool-down period (simplistically modeled using the sartoelc variable) before the engine can
attempt to go into HI gear again. We have also added rewareladio state, indicating the speed that
the automobile travels at when it is in that state for any amhad time. The goal of the controller
in this new model is to maximize the overall average speeti@futomobile, while respecting the
timing constraints of the engine.

In the context of this example, this work poses the questiohat is the best average speed that
the automobile can achieve?” To answer this question, wa thee environment as an adversary
who strives to minimize the average speed. The example of &it).2 is simple enough that we can
appeal to intuition to arrive at a strategy for the contmlkay in HI gear as long as allowed. The

environment'’s best strategy for minimizing the performaigcto always have steep terrain.

4



Gear: HI . Gear: HI
Terrain: Flat TerrainSteep Terrain: Steep
Invariant: : true Invariant : t < 10
Invariantz : true - Invariant : true
Reward: 500 | TerrainFlat Reward: 250
GearDown
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Invariant: : true
Invariantz : true

Reward: 100
TerrainFlat
. N Gear: LO
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Invariant : true Invariants : true
Invariantz : true Reward: 150
Reward: 300 TerrainFlat N

Figure 1.2: This example expands upon the control systenigof€& 1.1 by modeling two resources:
the heat budget of the engine and speed of the automobile. h@&iebudget is tracked by clock
variablet, allowing the engine to be in HI gear on a steep grade for at newsminutes before
requiring a cool-down period. The speed in any system stage&vén by the reward in that state. The
goal of the controller is to maximize the long-run averageare in an arbitrary terrain.

Although this particular example has a rather simple sofytit does not take much more com-
plexity to make analysis intractable. For instance, if weenme model deadlines for the environment
(e.g., that a steep grade must last at least three minutegjdosome additional states (e.g., uphill
versus downhill), the number of nodes and cycles in the graptkly grows beyond what can be
analyzed through intuition. By treating the system as a gaitiea performance goal, we can answer
the question of what the best performance is (and precongpstimtegy to achieve this performance)
by assuming that the environment is an adversary intent aimmzing the performance, subject to its

own constraints.



1.2 Related Work

Game theory is a branch of mathematics studying choicesageps, with the objective of achieving
some goal. Many control problems can be describedvas@layer gamghbetween the controller and
the environment, each with their own goals, and are eagilsesented as a decision tree where each
node requires that a choice be made a player. There is a pon@snce between the decision tree
view of a game and automata specifications, allowing manyttseEom game theory to be applied to
computer science problems [7, 17, 16].

The deadline requirements of real-time systems has néateskthe development tifned games
played on timed automata [2], where the advancement of tenebe either an implicit action or an
explicit action to be made by the players. Any representatioa timed game with discrete-time can
be transformed into an untimed equivalent, and is thus atpnvto a classic two-player game. Work
on timed games has primarily focused on safety, reachglalitd othetw-regular goals [14, 3, 4, 11,
8].

Although timed games can be used to model and solve many &fteblems, certain efficiency
goals can't be expressed. For instance, Figure 1.1 is nettabéxpress a goal about efficiently
using gasoline, or minimizing damage to the underlying pangint. Problems relating to the use of
resources require additional information; this leadsrioed timed gamesvhere weights are specified
when time advances.

Previous work on priced timed games [6, 1] does not restreeftamework to discrete-time incre-
ments. Instead, they treat time as a continuous variakdgepd can choose arbitrary delays, poten-
tially leading to a “Zeno’s Paradox” situation where delégsome smaller and smaller so that time
never actually advances beyond a limit point. Earlier waBldress this by including a restriction
such that the timed automaton are constructed in a way whide$ time to advance. Although our
framework is less expressive for being discrete time, wétd@ave any such structural constraints.

The previous work in priced timed games is also differenhat it has been concerned with effi-
cient reachability [6, 1] as a goal for the players. Thatigeg a starting state and a set of target states,
what strategy incurs the least accumulated cost to reacteagst state, if cost is accrued only when
time advances. We consider a different goal for the plapat, @f achieving an efficient long-run av-

erage, which might be a more appropriate performance nfetrieactive systems which are “always



on.” This is most like the work done by Bouyer, et al. [5], inialinthey examine double priced timed
automata (including both cosgmdrewards, with restrictions) and show how to determine thiavad
cost/reward ratio. Our work differs from this previous warkthat we examine two-player priced
timed games with non-determinism, as opposed to a detesticisingle player game.

The long-run average reward in a priced timed game is earivdb research omean payoff
goals in classic two player-games [10, 18, 13]. Our paricdEkfinition of long-run average reward
depends on the specifigck action to advance time, and also has concurrent actions dyerd,
which is a generalization of the case first considered in.[T8g player control over time potentially
introduces undesired strategies which defy our notioneafstic physical systems, which we address

by including a goal of not receiving blame for stopping time.

Contributions

The unique contributions made in this thesis are:

» A generalization of mean payoff games [10] where the adearent of time is an action that
can be chosen by the players. We adapt and expand upon aéttitsearlier proof that there
is a finite game with the same value as the infinite game, arnidhtee is a memoryless strat-
egy to achieve that value. We add one structural requiretoeaddress physically impossible

strategies that arise due to the player control of time.
» A discussion of well-formedness and value, and argumegihagsome possibilities.
» A counter-example of determinacy in our formalism.

* An example to demonstrate the need for restricting codisied moves.



Chapter 2

Defining the Game

In this chapter, we present a discrete-time game strudbateserves as the formalism for our proofs.
We also define the goal of long-run average games played ayathe structure, and introduce terms
to describe plays. We then introduce priced timed auton@atagdecifying the discrete-time game

structures, and show how to create a turn-based versiore @fdine.

2.1 The Playing Field

We definediscrete-time game structures a discrete-time variation of the timed game structures of
[8]. A discrete-time game structure represents a game leetéveo players, which we denote by 1, 2;
we indicate by~i the opponent of € {1, 2} (that is, playeB — ). A discrete-time game structuie

atupleG = (S,Acts, Acts,, I'1,T's, 4, 1), where:
* S is afinite set of states.

* Acts andActs, are two disjoint sets of actions for player 1 and player 2peesively. We
assume thaf\g, A; ¢ Acts and writeM; = Acts U {Ay, A, } for the sets of moves of player
ie{1,2}.

s Fori = 1,2, the functionl’; : S — 2\ ) is an enabling condition, which assigns to each

states a setl';(s) of moves available to playérin that state.

* §:Sx (M UM,) — Sisadestination function that, given a state and a move oéejilayer,

determines the next state in the game.



e r: 8 x (MyUMs,) — Zis afunction that associateseward with each state € S and move
of either player: this is the reward that is accumulated éoghme total when the given move is

played at stats.

The moveA, represents a stuttering move that takes zero amount of e allows a player to
“pass” for a round to see what action the opponent will take. réduire that\ is always enabled:
for s € S andi € {1,2}, we always have\, € I';(s). When taken, the movA, does not cause a
state change: for all € S, we havei(s, Ag) = s. The moves i{ Ay }UActs UActs, are known as the
zero-time movesThe moveA,; represents the decision of waiting for 1 time unit. We do equire

thatA, be always enabled: if we have, ¢ T';(s) for playeri € {1,2} at a states € S, then playet

cannot wait, but must immediately play a zero-time move. \&fine thesizeof a discrete-time game

structure by|G| = >~ o (IT1(s)| + [T2(s)]).

2.2 Rules of the Game

A timed game proceeds as follows. At each state S, player 1 chooses a move € T'y(s),
and simultaneously and independently, player 2 choosesve nfoc TI';(s). The successor state

d(s,a',a?) is then determined according to the following rules.

« Actions take precedence over stutter steps and time dfep's< Acts ora? € Acts,, then the
game takes an actiarf selected nondeterministically frofm', a } N (Acts UActs), and the

game proceeds to locatidits, a®, a2) £ §(s, a”).
« Stutter steps take precedence over time stéps., a®> € {Ag, A, }, there are two cases.

— If a' = Ag ora2 = A, the game performs a stutter step, aie, a', a2) £ .

— If a' = a® = A4, then the game performs a time step of duration 1, and the gesseeds

06 (s, Ay, Ar) 2 6(s,A) £ s.

Fitting a real-world situation to this framework has an es#hat might seem strange at first glance.
The awkwardness appears in the nondeterminism if both ay®ose an action in the same round;
only one action is selected and the other is discarded, higinadoy the environment seem “sacred”

in the sense that we cannot just decide that they did not Imappie the constructed model that must



resolve this, by allowing the action of the environment frany state where it is possible to occur.
The action by the controller might be chosen, but in subsegueinds the environment can again
play the same action until it is selected. (Recall that actibave precedence over timed moves and
take zero time themselves, so there might be multiple rothmatsoccur in the same instant of time.)
This turns out to be a modeling detail that is specific to d@aig control systems; the mathematics

of our proofs does not actually require that actions of therenment always be enabled.

2.3 Describing Plays of the Game

An infinite run (or simplyrun) of the discrete-time game structuyds a sequence
S0, <a(1)7 a(2)7 a§>7 S1, <a}7 a%v CLT>7 852, .
describing a play of the game starting from stafesuch that, for alk > 0, we have:

s, € S,

ap € T1(sk),

aiy € Ta(sk),

a, € A{aj,ai}
Sk+1 € g(sk,a}mai%

Sk41 = 6(sk,a£).

wherea{ is the action that was actually taken from stateto states,, 1. A finite runo is a finite
prefix of a run that terminates at a statg we then setast(c) = s,,.

We denote byF'Runs the set of all finite runs of the game structure, andRunsthe set of its
infinite runs. For a finite or infinite rua, and a numbek < |o|, we denote by <, the prefix ofs up

to and including state;. That is,

1 2 T 1 2 T 1 2 T
O<k = S0, <a07a0aa0 >a317 <a17a17a1 >a 82, -+5,5k-1, <ak—1’ak—17ak—1>7sk

10



A states’ is reachablefrom another state if there exists a finite run

1 2 7T
80, (@G, A5y @G )5 Sy -+ 5 Sn

such thatsg = s ands,, = s'.
A strategy m;, for playeri € {1,2} is a mappingr; : FRuns — M, that associates with each

finite runso, (a$, a3, al), s1, ..., s, the move to be played at,, denoted by

71—1'(505 <aé,a%,ag>,sl, .. ~75n)

We require that the strategy only selects enabled movesjsha;(0) € T';(last(c)) for all o €
FRuns. Fori € {1,2}, letII, denote the set of all playerstrategies. For strategies € II;
andmy € II,, we say that a rumg, (a},a2,al’), s1,(al,a2,aT), sq,. .. is consistenwith 7; and

mo if, for all n > 0 andi = 1,2, we haver;(sg, (a},a?,al),s1,...,s,) = a’,. We denote by

‘.
Outcomes (s, m,m2) the set of all infinite runs that start inand are consistent with;, 7. Note

that in our timed game, two strategies and a start state gisédof outcomes, because if the players
both propose actions, a nondeterministic choice betweeivth moves is made. According to this
definition, strategies can base their choices on the ensterl of the game, consisting of both past

states and moves.

2.4 Player Goals

We consider games where the goal for player 1 consists inmizixig the average reward per time unit
obtained along a game outcome. The goal for player 2 is syrmmaktand it consists in minimizing
the average reward per time unit obtained along a game oetclbimears mentioning that we assume
time divergences part of the goal; that is, that players don'’t play in suchag that causes time to

stop progressing.

11



Long-Run Average Reward of a Run

To define the long-run average reward of an infinite run, wetrfitst define the average reward for

finite runs, and then extend this to the infinite case. Considmite run
g = S0, <aéa a/ga a(j;>7 S15-+-55n

and for allk = 0...n, denote byo, its k-th statesy, and bys}, o7 the moves:, anda; played
by players 1 and 2 at the-th position ofo. We also lets] represent the move which was actually
taken, leading to state,;. The time elapsed]}, at stepk of the run is defined by} (o) = 1 if

0,1 = a,% = A, andTy (o) = 0 otherwise; the reward;, accrued at step of the run is given by
Ry (c) = r(ok,0l). The time elapsed during and the reward achieved duringare defined in the
obvious way, bylI'(c) = >, _, Tk(0) andR(0) = > _, Ri(0).

As a game is played, the finite run representing the game sgrdars with each round. Since
rewards may accumulate at different positions than where glapses, the average reward may not
approach a single value. For this reason, we define the lamgarerage reward of an infinite rus,
to be the infimum of the average reward, as given by

R(o!
) = it .

2.5 Specifying the Game

We specify discrete-time game structuresdiscrete-time game automatahich are a discrete-time
version of theimed automaton gamesx [8]; both models are two-player versions of timed autamat
[2]. A clock conditionover a seCC of clocks is a boolean combination of formulas of the farmnx ¢
orz —y =< ¢, wherecis an integerg,y € C, and= is either< or <. We denote the set of all clock
conditions ovelC' by ClkCond$C'). A clock valuationis a functionx : C' — Rx(, and we denote by
K (C) the set of all clock valuations far'.

A discrete-time game automatgma tuple

A= (Q,C,Acts,Acts, E, 0, p, Invy, Invy, SRewERew

12



where:
» @ is afinite set of locations.
» C'is afinite set of clocks.
» Acts andActs are two disjoint, finite sets of actions for player 1 and pte3jaespectively.
* EC @ x (Actg UActs) x @ is an edge relation.

* 0 : E — ClkCond$C) is a mapping that associates with each edge a clock conditan
specifies when the edge can be traversed. We require thdt fat @, ¢1), (¢, a, g2) € E with
q1 # g2, the conjunctio(q, a, g1) A6(q, a, ¢2) is unsatisfiable. In other words, the game move

and clock values determine uniquely the successor location

« p: E — 2¢ is a mapping that associates with each edge the set of clodlesrieset when the

edge is traversed.

* Invy, Inv;, : Q — ClkConds$C) are two functions that associate with each location an iamér

for player 1 and 2, respectively.

» SRew @Q — Z is a function that assigns a rewgBRewq) € Z with eachg € Q, accumulated

when time advances at locatign

* ERew: E — Z is a function that assigns a rewaiRewe) € Z to each edge € E,

accumulated when that edge is traversed as part of a run.

Given a clock valuation: : C' — Rx(, we denote by + 1 the valuation defined by + 1)(z) =
k(xz) + 1 for all clocksz € C. The clock valuation: : C' — Ry satisfiesthe clock constraint
a € ClkCondg$(C), written x |= «, if a holds when the clocks have the values specified bifor a
subsetC’ C C of clocks,x[C’ := 0] denotes the valuation defined bjC’ := 0](z) = 0if z € C’,
and byx[C’ := 0](x) = k(z) otherwise.

The discrete-time game automatg@hinduces a discrete-time game struct{u4, whose states
consist of a location of4 and a clock valuation ovet'. The idea is the following. The movA,
is always enabled at all statég, <), and leads again t¢;, ). The moveA; is enabled for player

i € {1,2} at state(q, k) if K + 1 = Inv;(q); the move leads to state, x + 1). For playeri € {1,2}

13



anda € Acts, the movea is enabled at a stat@, «) if there is a transitior{q, a, ¢’) in E which is
enabled atq, ), and if the invariantnv; (¢’) holds for the destination state’, x[p(q, a,¢’) := 0]). If
the values of the clocks can grow without bound, this traitsiavould yield an infinite-state discrete-
time game structure. However, we can defiheck regionssimilarly to timed automata [2], and we
can include in the discrete-time game structure only orte giar clock region; as usual, this leads to

a finite state space.

2.6 A Turn-based Timed Game

As a further refinement, we now describduain-basedversion of the timed game, which can be
played on the same discrete-time game structure. Turrdlges®es are easier to reason about, and
we will later discover that this one has an equivalent vadutaé concurrent version. In the turn-based
game, player 1 chooses his move before player 2 at each r@lenger 2 can thus use her knowledge
of player 1's move to choose her own. Moreover, when bothegkghoose an action, the action
chosen by player 2 is carried out. Notice that if player 2 gneto carry out the action chosen by
player 1, she can reply with the stuttering ma%g. Definitions pertaining this game have a.”
superscript that stands for “turn-based infinite”. We deflreturn-based joint destination function

518 x My x My +— S, by

5(s,Ay) ifal=a®=A,
~( 1 2) 6(S,A0) if {a17a2} - {AO;AI} anda! = AO ora? = AO
0'(s,a",a%) =

§(s,at) if o' € Actsg anda? € {Ag, A1}

§(s,a?) if a® € Acts

As before, a run is an infinite sequeneg (al,a2,al’), s1,(al,a?,al), sq,... such thats, € S,
al € Ty(s), a2 € To(sy), andsy1 € 0°(sk,al,a?) forall k > 0. A 1-runis a finite prefix
of a run ending in a state,, while a2-run is a finite prefix of run ending in a move! ¢ M;.
For a 2-runc = sg, (a},a?), s1,...,sn, (al), we setlast(so, (ai,a?), s1,...,sn, (al)) = s, and
lastact(so, {a},a?), s1,...,8n, (al)) = al. Fori € {1,2}, we denote byFRuns; the set of ali-

runs. Intuitively,i-runs are runs where it is playgs turn to move. In the turn-based gamesteategy

14



bl

Figure 2.1: A sample timed automaton is shown, where timédsad to diverge in every state. All
state invariants and transition guards . All rewards are set to zero.

m;, for playeri € {1,2} is a mappingr; : FRuns; — M, such thatr;(0) € I';(last(o)) for all
o € FRuns;. Fori € {1,2}, letII} denote the set of all playérstrategies; notice thal; = II,.
Player 1 memoryless strategies are defined as usual. We alag thlayer 2 strategy, < II} is
memorylessff, for all 0,0’ € FRunss, last(c) = last(c’) andlastact(o) = lastact(o’) imply
mo(o) = ma(c’).

For strategies; € I} andm, € 115, we say that a rumg, (aj, a3, al), s1, (a},a?,at), s9,.. . is
consistentith 7r; andm if, for all n > 0 andi € {1,2}, we haver (so, (a}, a3, al’), s1,...,5,) =
al andma(so, (al,a?),s1,. .., sn, (al)) = a2. Sinced* is deterministic, for alls € S, there is a

unique run that starts inand is consistent witlr; andrs; we call this runOutcomes® = (s, w1, m3).

An Example Automata

It can be helpful to imagine that the discrete-time gamecsire has “ghost” states, representing
positions where it is player 2’s turn to move (one for each enofplayer 1, in fact). As an example,
consider a timed automata (shown in Figure 2.1), which hasxpticit clocks or invariants; time is
allowed to diverge in every state. The expansion of the Ei@ut automaton into a turn-based game,
shown in Figure 2.2, results in several additional “ghosttes representing moves by player 2 (one
for every possible move of player 1, in fact). From playerdtest, the moved, andA; always have

the same destination in this particular expansion, andreves together as a single edge.
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Figure 2.2: This figure shows the turn-based equivalentguiféi 2.1, where “ghost” states have been
added to represent positions where player 2 must play a nikatice that any play by player 1 from
states, leads to a state where player 2 can choose to g@fagnd override player 1's choice. Bold
arrows represent moves, andA; made by player 2, which always have the same destinationisin th

particular automaton.

16



Chapter 3

Well-Formedness and Value

When devising control systems, it is often useful to consluerst-case scenarios” for how the
overall system will behave; casting the problem as a ganvedagt the controller and the environment
is a natural way to analyze the system for the worst case. ticpkr, we can define thealue of

a game structure to each player as being the maximum rewatr@ thlayer can ensure (eecurg,

no matter how his opponent plays. This forces us to analy@syhtem with the assumption that the
environment is clever and will implement a strategy to thvilae controller. A formal definition of

the value, for player 1, of a game structure, when startiogfstates, is simply:

0,(G,s) = sup inf inf{7(o) | o € Outcomes(s,m1,m2)}.
w1 €11, w2 €ll,

A short-coming of modeling real systems, however, is thatisps solutions might arise. Our
model, as presented, is simplistic in its handling of timlaypr actions take zero time, and time only
advances when both players agree to advance it (by pla¥ifg In embedded software, this isn’t
an unrealistic view; the idea is that actions are typicadlyast as compared to a global timer that all
actions can be completed before the timer expires.

The game as we have defined it so far, however, does nothinglibi such strategies. For
instance, nothing about our game restricts both players &tways playing), if the game structure
allows it, preventing time from ever advancing. As a moreccete example, consider the game of

Figure 3.1 (on page 18). We hawe({qo, [t := 0])) = 4, where the optimal strategy for player 1
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Invy : <2 Invy : true

Invs : true Invs : true

Figure 3.1: A game automaton where player 1 can freeze tirmehieve a higher average reward.

The labeled rewards are accumulated only when time advameash state.

consists in staying aj, forever, never playing the mowe'. Due to the invariant: < 2, such a
strategy blocks the progress of time: once- 2, the only move player 1 can play is,. It is easy to
see that the only strategies of player 1 that do not block &weatually play move!, and have value
1. Note that the game does not contain any blocked statesfram every reachable state there is a
run which is time-divergent: the lack of time progress of #tive-mentioned strategy is due to the
fact that player 1 values obtaining a high average rewarci@n letting time progress.
Obviously, we need to forbid players from “stopping timehéeFe are two typical ways to do this:

define a well-formedness condition to forbid runs whichwltame to freeze, or redefine the reward
to punish strategies which do not advance time. We first egplell-formedness conditions, and then

present an alternative formulation of the game reward toesddime divergence.

3.1 Well-Formedness

Well-formedness is a technique for defining which runs aegdl” for a player; that is, we specify the
conditions that must hold along a run for it to be meaningfmlthe real world.” The game structure
is described awell-formedif both players have strategies such that every outcomeeajdime meets
the well-formedness conditions of each player. In the cdslkeeogame we are analyzing, we would
like to ensure that either time diverges in a run, or the plageot responsible for stopping time.
Formalizing this requirement has been previously explamgimed games [3, 9, 8], and we borrow
the same notions here.

We first define two predicates on states and the moves plagedtfre states. A state represents
atick eventif both players agree to advance tim&ck (s;, (aj,a?,a])) is true iff a] = A;. Ad-
ditionally, we describe a playeras receiving blame at a state if he does not try to advance time

bli(sj, (aj,a?,a])) is trueiff a’ # A,. Using these predicates, we can specify the well-formesines

conditions for each player using linear temporal logic [15]

18



We proposed five different formulations for how to assigmpoesibility for stopping time in a run,
documented in Table 3.1. When considering them informadlghegproposal seems somewhat reason-
able, highlighting the general difficulty of formalizingesifications. In practice, we can immediately
disqualify (a) and (e) by considering a timed automaton wtievariants forbid the advancement of
time by either player; clearly, no run is valid, but the wigltmedness conditions of both players allow
all runs. Proposal (d) can also be disqualified, by considesirun where the players alternate play-
ing A1, but never play it at the same time; again, time does not adyaut each player repeatedly
satisfies the predicatebl;.

The two proposals left are both agreeable to our intendecifggaion. Proposal (b) has the nice
property that> O -bl; andO < bl are logical negations of each other, so any run where time doe
not diverge clearly fails one of the two conditions. What issl®bvious is that when time doesn't

diverge, eventually it must hold thathl, = bl1, leading us to infer:

S O=bly = & 0Obl; = O3 bly

Thus, all runs where time does not diverge will fail one ortbaell-formedness conditions in pro-
posals (b) and (c). Given the choice, we then prefer prop@3dbr its symmetry, and being the
discrete-time equivalent of the winning condition useddh [

We can now formally define that runs satisfy the well-formesicondition for player if time

) WFCi(0) £ 0 =00 tick Vo |= O DObly
WFCy(0) £ 0 OO tick Vo |=<Obl
(b) WFCi(0) £ 0 =0 tick Vo | O O-bl
WFCy(0) £ 0 E OO tick Vo OO bl
© WFC,(0) £ 0 = OO tick Vo = <O O=bl
WFCQ(O’)éO":DOtiCk’\/O":OD—\le
d) WFCl(U)éo":DQt’L‘Ck\/O'IZDO—!bll
WFCQ(U)éo—':DOtiCk\/O—lzDO_‘bZQ
© WFCi(0) £ 0 =0 tick Vo | OO bly
WFCy(0) £ 0 E OO tick Vo OO bl

Table 3.1: Five proposals for well-formedness conditidra prescribe valid runs for each player.
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diverges or player is eventually always blameless for time not diverging:

WFC;(0) £ 0 = O tick Vo |=<ODO-bl

Additionally, the well-formedness of the game structunedfach playet is defined as:

WF;(G) £ 3m; € I.Vre; € IIL;.Yo € Outcomes* ™ (s, m;, m~i) | WFC;(0)

Theorem 1. A run of the game satisfies the well-formedness conditiobdtn players iff time di-

verges in the run.
Formally:

Vmy € 11} Vg € I15.Vo € Outcomes' (s, my,m2) | WFCy(0) A WFCq(0) <= 0 = OO tick

Proof. SKETCH: The reverse direction trivially satisfies the definitiortloé well-formedness condi-
tion for both players. In the forward direction, we show thatisfying the well-formedness condition

for both players leads to a run where both players are blawnghéhich is equivalent to time diverging.

(1)1. The reverse direction of the theorem is trivially true eTtefinition of well-formedness for each

player is:

WFCj(0) < o E O tick Vo = < O=bly

WFCy(0) <= o |= 0O tick V o |= © O -bly

Time divergence satisfies the first clause of the disjundtototh definitions,:. both WFC;
andWFC, are true and thus all runs where time is divergent satisfymléformedness con-

ditions.

(1)2. For all runs which satisfy the well-formedness condifionboth players, time either diverges

or both players are eventually forever blameless.

Proof. By hypothesis of the forward direction of the theorem, wecanesidering all runs which

satisfy the well-formedness condition for both players whigey are playing some strategies
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m € II§ andns € II5, respectively. Then, for at € Outcomes® (s, 71, m2), we have:

WFCl(U) /\WFCQ(G‘)
(o EO0Ctck Vo ECO-bl) A (o E OO tick Vo =< O-bly)
=0 =03 tick V(o =<0 0-blh Ao =< T=bly)

<0 =03 tick Vo = < O(=blyp A —bly)

(1)3. Time must diverge for all run which satisfy the well-fordmess condition for both players.

Proof. SKETCH: Both players being always blameless implies that timerdee.

(2)1. If both players are eventually always blameless in a ruthefgame, then time must

diverge in that run.

SKETCH: The tick event is equivalent to both players making a blameless mbhas,

an infinite number of blameless move is equivalent to an igfinumber oftick events.

(3)1. By definition, time divergence is the property that theralivays aiick event at
some time in the futurer = O < tick

(3)2. By definition, atick event occurs when both players choose themove in the
same round, and are thus both without blame for the roung: O < tick <—
o | OO(=bly A =bls)

(3)3. If both players are eventually always blameless, theyatse always eventually
blameless. This follows from the fact that always being l#bess is a stronger
condition:o |= & O(=bly A =bly) = o |= O O(=bly A —blg)

(3)4. From(3)2 and(3)3, we then haver = & O(=bl; A =bly) = o = O O tick

(2)2. The result of1)2 then implies more simply that = O < tick, therefore:

Vo € Outcomes' (s, m1,m2).(WFCy(0) AWFCy(0) = o | O tick)

since the right term of the disjunction implies time divarge.
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(1)4. Result(1)3 shows the forward direction of the theorem, and re§lit shows the reverse.

Therefore, the theorem is true as stated.

Corollary 2. If time cannot advance in any run of a game, then that gametisvath-formed.
Formally:

vy € I Vg € T15.Vo € Outcomes* ™ (s, m1,m2) | o | -0 tick = -WF1 (o) V -WF2(0)

Proof. Directly follows from the contrapositive of the previoustrem. O

Additional proofs relating to well-formedness can be foiméppendix A.

3.2 The Value of the Game

An alternative to having a well-formedness condition isddefine the rewards of the game to punish
undesirable behaviors. Although both techniques are #allgrequivalent for the proofs in this
report, we find the implementation to be simpler when onlyars must be considered.

To ensure that winning strategies do not block the progrésene, we modify the definition
of value of a run, so that ensuring time divergence has highierity than maximizing the average

reward. Following [8], we introduce the following predieat

» Fori € {1,2}, we denote byblameless; (o) (“blamelessi”) the predicate defined byn >
0.Vk > n.ol = Aj. Intuitively, blameless;(c) holds if, alongs, playeri beyond a certain
point does not play any moves that block the progress of tifiibis corresponds to the LTL

expression s = < O =bl;” which we explored in the previous section.)

« We denote bytd(o) (‘‘time-divergence”) the predicate defined by > 0.3k > n . [(of =

A1) A (02 = Ay)]. (Thisis exactly & = O < tick”, as explored in the previous section.)

We define the value of a run € Runsfor player:i € {1, 2} by:

+o0 if blameless;(o) A —td(o);
wi(0) = (=)D 7o) if td(o); 3.1)
—00 if —~blameless;(o) A —td(o).
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It is easy to check that, for each run, exactly one of the tbeses of the above definition applies.
Also, notice that iftd(o) holds, thenw, (¢) = —w, (), so that the value of time-divergent runs is

defined in a zero-sum fashion. We define the value of the ganmdger: ats € S as follows:

v,(G,s) = sup Hellf_[ inf {w,;(0) | 0 € Outcomes(s,m1,72)} . (3.2)
Trq;EHi T ~i

We omit the argumerd from v,(G, s) when clear from the context.
Note that equation (3.2) resolves nondeterminism in fa¥qlayer 2; intuitively, player 1 must
be able to secure a value even if “luck” should go against3iace our construction of the turn-based

game gives preference to player 2 as well, we have:

Theorem 3. The value of the turn-based game is the same as the value aticerrent game:

Uy (g7 5) = Uix(gv S)

Proof. Consider anyr; € II;. Sincell; = IIY, player 1 can employ; in both the original timed
game and in the turn-based game. We show that, in the tuedlmgsne;r; can achieve at least the
same value as in the original timed game. Considermanyg II ando € Outcomes' (s, 71, m2).
Player 2 cannot directly us®, in the original timed game, because in that game she caniset ba
her decisions on the current move of player 1. However, sinces fixed, we can findr, € II,
thatguesseshe move of player 1 at each step, effectively simulatingatbleavior ofr, when played
againstr. It then holds that € Outcomes(s, w1, 7). Since this holds for any,, we have that
vy(5) < 0§ (s).

The inequalityv, (s) > v%{>(s) is immediate, since it is clearly an advantage for player 1 to

conceal his move from player 2 at each round.

Determinacy

A game isdeterminedf, for all s € S, we havey, (s)+v,(s) = 0: this means that if playerec {1,2}
cannot enforce a rewarde R, then playeri can enforce at least rewarer. The following theorem

provides a strong non-determinacy result for averagenediacrete-time games.
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- a a
Invy : <0
alt Invg : <0 a?
r>1 r>1
z:=0 g0 z:=0

Figure 3.2: A game automaton. Unspecified guards and imiarae “true”.

Theorem 4. (non-determinacy) For ak > 0, there exists a game structure

G = (S,Acts, Acts, 'y, Ty, 8, 7)

with a states € .S, and two “spoiling” strategiesr; € II,, 73 € 1I,, such that the following holds:

sup sup{w; (o) | o € Outcomes(s,m1,m5)} < —c¢
T{'1€H1

sup sup{wy(0o) | o € Outcomes(s,n],m)} < —c.
ma €11,

As a consequence, (s) < —candwy(s) < —c.

Proof. Consider the game of Figure 3.2. We take#f¢re II, andr; € II, the strategies that always

play Ag atqo. Letsy = (qo, [z := 0]), and consider the value

01(s0) = 51611;1 sup {w; (o) | o € Outcomes(so,m1,75)} .
T N

There are two cases. If eventually player 1 plays forevgin s, player 1 obtains the valueco, as
time does not progress, and player 1 is not blameless. Ieplaywhenever aty, eventually plays.,
then the value of the game to player 1-is. Hence, we havé, (sg) = —c. The analysis for player 2

is symmetrical. O

Note that in the theorem we takap, rather tharinf as in (3.2), over the set of outcomes arising
from the strategies. Hence, the theorem states that, evka thoice among actions is resolved in
favor of the player trying to achieve the value, there is ag@avith a states wherev, (s) + vy(s) <
—2c¢ < 0. Moreover, in the theorem, the adversary strategies are,fagain providing an advantage

to the player trying to achieve the value.
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The example of Figure 3.2, together with the above analysiécates that we cannot define the
value of an average reward discrete-time game in a way thdsl® determinacy, and enforces time
progress. In fact, consider again the case in which playdaysmlwaysy at sq. If, beyond some
point, player 1 plays foreved\; in sg, time does not progress, and the situation is symmetrical wr
players 1 and 2: they both play forevAp. Hence, we must rule out this combination of strategies
(either by assigning value oo to the outcome, as we do, or by some other device). Once this is
ruled out, the other possibility is that player 1, whenewesyi, eventually plays:.'. In this case, time
diverges, and the average value to player s As the analysis is symmetrical, the value to both

players is—c, contradicting determinacy.
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Chapter 4

Some Restrictions Apply

Our approach to finding the value of the infinite game is to ckxthe technique used by Ehrenfeucht
and Mycielski [10] in a game similar to the one under our cdesition. Their insight was to recognize
that an infinite path on a finite graph is necessarily compo$aderies of loops. By creating a related
finite game, they were able to show that there is a stratedgyeinnfinite game that can achieve the
same reward which is enforceable in the finite game.

The key to the relation between the infinite game and the fgatee is the series of loops which
make up the path in the infinite game. The finite game is playethe same game structure, but
terminates as soon as a loop is closed (i.e.,, a state isteg)eBack in the infinite game, we can play
using the strategy from the finite game, with one modificatievery time a loop is closed, pretend
that the loop portion never happened.

As an example, consider the graph shown in Figure 4.1. Onsilgesoutcome of the infinite
game starts by visiting the statds3C' B. At this point, the finite game would have terminated; by
removing the loop (namely, B), we are left with a path visitingl B. By moving toD, the path leads
to the finite gameABDE A, and a new loop is closed. Note that the true path in the iefggime is
now ABCBDEA, but is composed of two loops and represent two finite games.

In the remainder of this chapter, we will present proofs kEinto those presented by Ehrenfeucht
and Mycielski [10]. However, to complete the proof of Theur@, we must require that rewards be
non-zero only when time advances; more specifically, singalps with non-zero reward accumulated

along their transitions and ntack events confound the proof. This was not a problem in the game
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Figure 4.1: An example graph where the players take turnsngaitays. Actions are marked with a
superscript indicating which player may play the action.

analyzed in [10] because their equivalent of “time” advahog every move.

4.1 The Finite Game

The turn-based finite game is played on the same discretegiime structure, and terminated as soon
as a loop is closed; that is, when a state is first repeated.teFh@nation condition assures a finite
game, because the game is played over finitely many statstually, one must be repeated.

The final payoff received by player 1 (and lost by player 2)dsa to the sum of the rewards
found in the loop, divided by the number titk events found in the loop. If there are ok events
in the terminating loop, then the payoff is determined aditwy to blame. If player 1 is blameless in
the loop, then a payoff of-occ is assigned,; if player 1 receives any blame, then a payoff ®f is
assigned.

e

Definitions pertaining this game have #&™ superscript that stands for “turn-based finite”. A
maximal runin the finite game is a-runco = s, (a}, a2,al’), s1,...,s, such that,, is the first state
that is repeated im. Formally,n is the least number such that = s;, for somej < n. We set
loop(o) to be the suffix obr: s;, (a},a3,al), ..., s,. Form €1IIj, 7 € IIy, ands € S, we denote
by Outcomes* (s, 71, m2) the uniqgue maximal run that startsdrand is consistent with; ands.

In the finite game, a maximal runending with the loop\ is assigned the value of the infinite run
obtained by repeating forever. Formallywt (o) = w; (o - A*), whereA“ denotes the concatenation

of numerably many copies of (and common states are included only once). The value asbigra
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strategyr; € 114 and the value assigned to the whole game are defined as follows

vi'(s,m) = inf wi'(Outcomes” (s, m1,72))
‘ITQGHE
vi'(s) = sup i (s,m).
7T1€H§

4.2 Value Proofs

We now introduce definitions to show how to construct the {ootiing strategy (called the “forgetful
strategy” in [10]) for the infinite game. Forlaruno = sq, (a}, a3, al), s1,. .., sn, let firstloop (o)
be the operator that returns the first simple loop (if anyuogeg in o. Similarly, letloopcut(o) be
the operator that removes the first simple loop (if any) fror-ormally, if o is a simple run (i.e., it
contains no loops) we s¢irstloop(c) = ¢ (the empty sequence), abebpcut(o) = o. Otherwise,

letk > 0 be the smallest number such thgt= o}, for somej < k; we then set

firstloop(o) = 0, <aj1, a?, ajT>, ook, (ap_y,ai g al ), on
ZOOPCUt(G) = 0o, (aé,a%,a%}, -y 04, <a11c7ai»a£>a sy On

We define thejuasi-segmentatio)Seg(c) to be the sequence of simple loops obtained by applying

firstloop repeatedly t@.

€ if firstloop(c) =€
QSeg(0) =
firstloop (o) - QSeg(loopcut(o)) otherwise

For an infinite ruro, we setQSeg(o) = lim,, .o, QSeg(o<,). Given afinite rurv, loopcut can only
be applied a finite number of times before it converges to afikpWe call this fixpoint the residual
of the loop-cutting processesidual(o). Notice that for all rung, residual(c) is a simple path and
therefore its length is bounded by|.

For simplicity, we developed the above definitions feruns. The corresponding definitions of

residual (o) and QSeg (o) for 2-runse are similar.
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Figure 4.2: Nodes linked by dashed lines represent the stateeaf the game. This example closes
the loop, then repeats some states of the loop before lethwenigop.

For alli € {1,2} and all strategies < II!, we define the loop-cutting strategyas# (o) =
m(residual(o)) for all o € FRuns,. Intuitively, 7 behaves liker until a loop is formed. At that point,

7 forgets the loop, behaving as if the whole loop had not oeclrr

Lemma 5. Given a strategyr;, for playeri in the finite game, then the residual of every run of an
infinite game played with the loop-cutting strategy, is the prefix of some finite run consistent with

T
Formally stated for player 1:

vy € II Vg € I15.Vo € Outcomes' (s, 71, m2).Vk > 0

Anhy € I14.30" € Outcomes* (s, m1,m5).3p | o’ = residual(o<y) - p

Proof. We prove the statement for player 1, as the proof is similapfayer 2. The proof is by
induction on the length oSeg(o<y). If QSeg(o<i) is the empty sequence (i.e<j, contains no
loops), the result is easily obtained, @ascoincides withr; until a loop is formed. So, we can take
7 = my and obtain the conclusion.

On the other hand, suppo$gSeg(o<i) = Ai1,...,A,. For simplicity, suppose; # Xs. As
illustrated in Figure 4.2, let; be the first state aftek; that does not belong td;. Then,o;_;
belongs to\; and there is another indéx< j — 1 such thatr; = ¢;_;. So, the game went twice
througho;_, and two different successors were taken. However, playesst have chosen the same
move ino; ando;_1, as by constructiofi; (o<;) = 71 (0<;—1). Therefore, the change must be due to
a different choice ofr,. Itis easy to devise’, that coincides withry, except that; may be skipped,
and ato;, the successar; is chosen. We can then obtain a rpin= outcome* > (s, 71, 75) and an

integerk’ > 0 such thatQSeg(p<x/) = Ag, ..., A, andresidual (p<y) = residual(p). The thesis is
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obtained by applying the inductive hypothesigtandk’. O

Lemma 6. Given a strategys;, for playeri in the finite game, and the corresponding loop-cutting
strategy,7;, all loops appearing in the quasi-segmentation of a run efitifinite game played with

7, are terminating loops from some maximal run of the finite gptaged withr;.
Formally stated for player 1:

Vmy € 117 .Vmy € I15.Vo € Outcomes' = (s, 1, m2)

VA € QSeq(0). 3y € 115.30" € Outcomes™ (s, m1,7h) | A = loop(d’)

Proof. We prove the statement for player 1, as the proof is similapfayer 2. LetQSeg(c) =
A1, A2,..., andX = \; for anyj. Letk be the largest integer such th@beg(o<x) = A1, ..., Aj_1.
Clearly, this means that the last edge\efs oy, (al, a2, al), o)1 1. Also, atthe end ofesidual (o<},)
are all the edges of;, except the last one. By applying Lemma Standk, we obtainr, € IIj and

o' = Outcomes" (s, w1, mh) such thav’ = residual(o<y) - p. To get the specific maximal run so that
loop(c’) = A, we definery to coincide withr, except forry (residual (o< - (ag,1)) = az ;.

O

Theorem 7. Letw; be a strategy for player 1 in the finite game, so thais the corresponding loop-
cutting strategy in the infinite game. Thén is able to secure a value in the infinite game greater

than or equal to the value which, secures in the finite game.
Formally:

Vs € S.V?Tl S Htl | ’Uioo(S,’le) > vif(s,m).

Proof. Clearly, the theorem is trivially true wher{’(s, 71) = —oc, and we therefore only consider
the case where}’ (s, ) > —o0.

Letv = vi(s, 7). Fix a player 2 strategy, € 11, and letoc = Outcomes® ™ (s, 1, m). Apply
quasi-segmentation @, and letQSeg(c) = (A1, \2,...). Since, by Lemma 6, each of these loops
must be a terminating loop possible underin the finite game, they each must have a reward of
greater.

Consider the case where an infinite number of loops from &iteNi, Ao, . . .) contain atick event,

indicating that time diverges in the infinite trace. Rechdtt for this chapter, rewards are non-zero
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only at moves that representiak event, so any terminating loops of the finite game that haviédho
event must also have no reward. Therefore, we can write fleiag inequality which must hold
for every loop occurring in the quasi-segmentation:

RON) > v-T(\)

since loops with naick event evaluate to zero on both sides of the inequality, aopdavith tick
events are defined to have a valuerif\;)/T'(\;) (which must be greater or equal to the securable
value,v). and then sum this inequality over every loop. If, foralb> 0, we letm,, = |QSeg(o<y)|,

then we can write the sum as:

M
hnrringR > v lggloréfZT
Jj=1 Jj=1
To calculate the value over the entire infinite trace, we nalst account for the reward and time

accumulated in the residual portion of the trace. These aite fralues, however, being counted as

part of an infinite sum, and do not contribute to the final sum:

wi> (o) = liminf REZ<n§
n—oo <
R(reszdual(o n)) + 20 R(A)
= lim inf .
n—oo T(residual(0<n)) + 3257 T'(A))
= lim inf w
> v

Thus, when time diverges in the infinite game, every run haa@evat least as large as the value of
the finite strategyr;. Thereforep;>=(s,71) > v.

Now consider the case where only a finite number of loops frloenlist (A1, Ao, ...) contain a
tick event. There must then exist some point> 0, in the run (and some corresponding loop in
the quasi-segmentation), so that there aretinb events beyond ;. Consider a loop\; entirely
occurring aftewr;,. Obviously)\; contains no time steps. Moreover, by Lemma §js a terminating

loop for a maximal rurp in the finite game under; . Sincev$(s, 1) > —o0, it must be the case that
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wif(p) = +o00. Consequentlyblameless; (p) must be true, and therefore player 1 is blameless in all
edges in\;.

Now, letk” > 0 be such that each state (and edge) afierwill eventually be part of a loop of
QSeg(o). Letk” = max{k,k’}. Then, all edges that occur aftef will eventually be part of a
loop where player 1 is blameless. Consequelitlyis a witness to the fact thafameless; (o), and

thereforew} >~ (o) = +o00 > v.

Theorem 8. For all s € S andms € II}, it holds v > (s, T2) < vif(s, m2).

Proof. Letv = v{(s,m2). Similarly to Theorem 7, we can rule out the case- +oco as trivial. Fix
a player 1 strategyt;, and letoc = Outcomes' (s, m,72). We show thatw{=(c) < v. If time
diverges orv, the proof is similar to the analogous case in Theorem 7. i@ike, letk > 0 be such
that no time steps occur in aftero;,. Consider a loop\ € QSeg(o), entirely occurring aftety.
Obviously A contains no time steps. Moreover, by Lemma\6s a terminating loop for a maximal
run p in the finite game under;. Sincevi'(s,m) < 400, it must bewj’(p) = —oco. Consequently,
it holds —blameless1(p) and in particular player 1 is blamed in some edge\ofThis shows that

—blameless1 (o), and consequenthyt = (o) = —oco < v. O
Theorem 9. For all s € S, v{>=(s) = v§(s).

Proof. Theorems 7 and 8 show that the infinite game is no harder tlediimite one, for both players.

Since this game is finite and turn-based, the minmax priadgils us that, for alt € S, it holds:

sup inf wi(Outcomes™(s,m1,m2)) = inf sup wi(Outcomes™ (s, 71, ms)).
m €Il ma €11, ma €I, w1 €11,

and we see that

vif(s) = sup vi(s,m) = inf vi'(s,m2)
W]EHS TFQEH;'

Referring back to Theorem 7 and the definition of value in thie-based infinite game, we see

v (s) = sup v;(s,m) > sup vi7(s, 1) = sup vi'(s,m) = vy'(s)
7T1€H'i 7!'1€H§ 7r1€H§
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but Theorem 8 tells us

inf v8%(s, 7o) < inf (s, ) = v (s
B (R < it of(s,ma) = (9

and clearly,

inf v{>~(s,m) < inf v{>(s,m
o€l 1 (7 2)_71'261_[; 1 (, 2)

Again appealing to the definition of value in the turn-basanhg, and doing several substitutions, we

find:

vi®(s) = sup v;=(s,m1) = sup inf w{>(Outcomes'™=(s,m1,m2))
m €11 w1 €114 ma €Il

< inf sup w|*(Outcomes'™(s,m,m2))
mo €114 m €Il

< inf v}>(s,m2) < vif(s)
WQGHg

Since we have shown bothi>(s) > vif(s) andvi>=(s) < vf(s), the two values must be equal.

O

4.3 Memoryless Strategies

By following the “forgetful game” construction and proofsaed by [10], we can derive a similar
result on the existence of memoryless strategies for batyeps. The proof depends on the fact that
the value of forgetful game is the same as the turn-basee fjitme (and hence, the same as the
infinite game, from Theorems 9 and 3), and follows the samedtivk steps as provided in [10].

To this end, following [10], we define a modified version of fiméte game, which is still played
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on the same discrete-time game structure. For a stateS, the s-forgetful game is played as the
finite game, except that the first timds encountered while playing, the history upstés forgotten
for the purpose of checking game termination. Formally, &imal run in thes-forgetful game is a

finite runo = s, (ad, a2, al), s, ..., s, such that:
« eithers does not occur i ands,, is the first state that is repeateddn
* oroy, is the first occurrence ofin o, ands,, is the first state that is repeateddg,,.

We defineloop (o) to be the final loop\ of o, and we setw|"*(¢) = wi'(c - \*). We denote
by Outcomes'"*(t, 71, m2) the unique maximal run in the-forgetful game that starts ihand is
consistent withr; andm,. The value assigned to a strategy € II} and the value assigned to the

whole game are defined as usual:

0" (t,m) = inf w]"*(Outcomes'™*(t,m1,m2)); vi"%(t) = sup v]"%(¢,m).

w2 €Il w1 €118

Lemma 10. For all s,t € S, vi(t) = v]"*(¢).

Proof. SKETCH: By considering whether a run goes through state not, we show that;"* (o) is
always greater than or equald(t). Butv;"*(¢) is the least enforceabie|"* (o), and must then also

be greater than or equal ¢ (¢).

(1)1. Letm; € I} be the optimal strategy for player 1 in the finite game, gigréit state.
(1)2. Letv = v%(t), which is the value that optimal; can enforce.

(1)3. By Theorems 3 and 9, we also have- v{>(t) = v, (¢).

(1)4. Fix an arbitrary strategy. € II} for player 2, and leb = Outcomes'*(t, 71, m2). Note that

we use the loop-cutting strategy in the s-forgetful game.
(1)5. We then havey|"* (o) > vtf(t).

(2)1. There are two cases to consider: whgpasses through stateand when it does not.

(2)2. First consider the case wherenever passes through

wy"* (o) = wi (o) rewards are the same whewloes not occur.
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wi(o) > v sincer; is optimal

wi"® (o) > vif(t) by transitivity and substitution

(2)3. The other possible case is wherpasses through In this case, we observe that™* (o)

is determined by the final loop = loop(0).

(2)4. There is ar}, € II§ such thaty’ = Outcomes® > (t, 71, 7}) ends with the sequence’.
This is because th#, forgets every loop closed, and tries to repeat it. If entgtire loop

is the decision of player 2, we choosgto repeatedly take the loop.

(2)5. Now we can analyze;"*(o):

w* (o) = wi=(o - \*) definition of reward in the-forgetful game.
= wi>(0") Definition of o”.
> vi>(t,71)  definition ofv}>
> vy'(t, ™) by Theorem 7

> i () sincer; is the optimal strategy fromin the finite game

(1)6. Sincew!" (o) > vi(t) for an arbitraryr,

v (¢, 71) = inf w]"*(Outcomes™*(t, 71, m2)) > v (t)
mo €114

(1)7. Strategyr; might not be the optimal strategy in theforgetful game, so

v (t) = sup v (t, ') >0t (¢, 7)) > 0 (¢)
w1}

(1)8. Conversely, we can prowe"’(t) < vif(t) by a symmetrical argument which exchanges the

roles of the two players.

(1)9. Therefore, we concludg™*(¢) = vif(t).
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Theorem 11. For all i € {1,2}, andt € S, there exists a memoryless optimal strategy for player

Formally, there exists; € II, such that, (¢, 7;) = v, (¢) andn; is memoryless.

Proof. We prove the statement for= 1, as the other case is symmetrical. We develop our arguments
for the finite turn-based game, as the conclusion for theraigimed game follows from from Theo-
rem 7. We proceed by complete inductionor= > . ¢ |Mi(s)| — |S|. Whenn = 0, only one move
is available to player 1 at each state and there is obviousigrmoryless optimal strategy.

Suppose that the statement is true for all integers up o 0, and consider the situation where
Y ses |Mi(s)] — |S| = n + 1; in this case, there is at least one statevhere|M (s)| > 1. In this
game structure (call i), we can play the-forgetful game, and Lemma 10 states that the game value
will be the same as that of the normal turn-based finite gafVé(G,¢) = vi'(G,t), which can be
ensured by some strategy,. By Theorems 3 and 9;(G,t) = v:>=(G,t) = v,(G, t), SO strategyr;
is able to ensure, (G, t) in the s-forgetful game. Let = v, (G, t).

Clearly, 71 only plays one move at statein the s-forgetful game (call this move € M (s)),
because any return towould end the game. Therefore, we canBéfs) = {a} (and leave the

enabled moves for all other states the same) as part of a seveté-time game structure

G' = (S,Acts,Acts, T}, T2, 6,7)

and still be consistent with how, desires to play the-forgetful game.

Sinced’ is consistent withr; in the s-forgetful gamejr; is able to ensure at least the same value
as ing, namelyv. Moreover, sinc&;’ contains less choices for player 1, no player 1 strategy can
achieve a value greater thanSo,v;"*(G’, t) = v. By again appealing to Lemma 10 and Theorems 3
and 9, we find that = v;"*(G’,t) = vi'(G’, t) = vi=(G',t) = v, (G', 1).

To summarize, we have constructed a reduced game strugtuvath valuev, (G',t) = v. Notice
that our inductive hypothesis appliesd(, since) ¢ |Mi(s)| — |S| < n. Therefore, there exists
some memoryless strategy;, which is able to ensure when played o’. But thenr? is also able
to ensurev in the originalG since all moves that} might play exist inG. This demonstrates the

desired conclusion for player 1. O

36



Chapter 5

Conclusions

5.1 Future Work

We have presented a generalization of the long-run average done by Ehrenfeucht and Myciel-
ski [10], where time is advanced by a specific action takenhgyglayers in unison. A notable
restriction in our proof is that non-zero rewards for acsi@ne only permitted when the actionds

(that is, non-zero rewards are accumulated only when tiradvancing).

Removing the Restriction

Jackpotsare a feature of some graphs, where there is a reward for aadimte action, which result in
a counter-intuitive strategy for winning. In Figure 5.1, ge2 a timed automaton where reward can be
accrued in only two ways: as time advances in stgt@r when the transition froms, to s; is taken.
The best strategy, according to the finite game of the lagitehds for both players to advance time
atsg. Player 2 has a better strategy, though — sometimes adgticia ats, and sometimes playing
actiona?. By repeatedly playing?, player 2 can drive the total accumulated reward downward to
any level she selects. Judicious alternation between athgtime and ever decreasing accumulated
rewards leads to a reward ob for player 2, since the definition of the long-run averageamev
includes a lim inf” in the definition:

R(0L,,)

7(o') = lim inf T(07 -
<n
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Figure 5.1: This graph shows a game which is well-formedplayer 2 can get an arbitrary amount
of reward betweerntick events. Unspecified guards and invariants are taken toubeand always
satisfied; unspecified rewards are assumed to be zero. Tleel begion on the left is a-jackpot
which can generate this large reward.

A jackpot, then, is any loop withoutick event that has a non-zero reward, and one of the players
does not have a strategy to avoid the loop. It is only usefuldver, if the player that benefits can
also cause &ick event to occur, and then return to the jackpot loop.

As in [10], we solved for the long-run average reward in oanfework by showing a mapping
to a simpler finite game where the game terminates as soonyatesi€ formed in the moves of the
players. This same finite game does not work for cases suclgaseFs.1 because a second cycle
is necessary to determine whether one of the opponents cidlipally force time to advance in a
way that gives them the advantage in thiex'inf” calculation. We believe that a different finite game
might exist which has equivalent value to the infinite gamu rbore research is required to discover

that finite game and create valid proofs.

Other Directions

Many works in priced timed games assume that time is a comtisiwariable, rather than discrete.
Due to the finite nature of the timed automata specificatiomjght be possible to allow continuous

time in our own framework. This would allow each player todfyethe amount of time they would
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like to wait, and allows more complex interactions betwdenplayers.

Another interesting variation on the framework would bertoarporate probabilistic weighting
on actions. This would allow us to calculate a “worst expggierformance”, rather than a “worst
case performance.” Such modeling would be extremely usefulbrid electric cars, which currently
always charge batteries when the internal combustion erigian; on an uphill which will be imme-
diately followed by a downhill (as in a mountain pass), anytf&” charge that is generated on the
downhill is wasted as soon as the batteries are at full cgpddirough the use GPS and topographic
maps, a car which could predict a likely downhill would beeatd expend all the battery energy on

the uphill and then recover the charge on the downhill, redugas consumption.

5.2 Summary

Real-time embedded systems often have strict performamais that must be adhered to under any
arbitrary environment. We have constructed a discrete-tigrsion of priced timed games that is
suitable for modeling many problems in this domain, andudissome variations on well-formedness
criteria. We present proofs that a finite game, which terteimavhen a cycle is formed, has the
same securable value to each player as in the infinite gandethah there is a positional strategy
which achieves the value. These proofs represent a geradrali of the long-run average games of
Ehrenfeucht and Mycielski [10] to solve for strategies titieve the worst-case optimal performance

in this framework.
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Appendix A

Additional Well-Formedness Proofs

These are some proofs that use the well-formedness camditihapter 3 to show the correspondence
between the finite and infinite games. These are analogohs fwdofs based on the value of the finite
game to a player, since a well-formed graph implies thakthea strategy to achieve a value greater

than—oo for both players.

Lemma 12. Given a strategys;, which is a witness for well-formedness in the finite game for
playeri, we consider the infinite strategy;. In all loops created byt when playing against some

opponent strategys..;, either time must diverge, or playeéis always not to blame.

Proof. SKETCH: We show that the lemma must be true for the first loop made infanite game. By
the construction of}, there are alternative traces where the second loop of ijigalrtrace becomes
the first loop of the new trace. This recursive applicatiorthaf lemma continues until all possible

loops are covered. We make the case for player 1, but the amsrapply equally well to player 2.

(1)1. We are given a well-formed finite game, amtland7; strategies for the game, satisfying the

following:
WF1(G) = I} € I1}.Vmy € Vo € Outcomes™ (s, 7}, m2)
| o E OO tick Ve |E<©O=bl
75 (s0, (ag,ad,al), ..., s) = 7} (residual (so, (ad, a3, ad ), . .., s1))
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. Leto<,—1 = so, {a,ad,al)), s1,. .., s-—1 be apartial play of the infinite game where player 1

has been using strategy and player 2 has been using strategy and the first loop to occur

has just been closed.

. Since a loop has just been closed, then we know that tharg s — 1 such thats; = s,_1,

and the run of the game played so far can now be written as:

_ 1 2 T 1 2 T
O<r—1 = 80,00, A5 0 )5 STy -5 Sj—15(Aj_1,07_1,05_1),Sjs s Sr—1

. Up until this point,7j (0<;) = 7} (0<;), for all i up to and including = r — 1. Therefore,

o<r—1 can be described as a play of the finite game, using strategy

. Sincer; is a witness to the well-formedness condition for player thafinite game, we know

that:

(505 <aéaagaag>a s 85—1, <a‘}—15 a?—ha’jr—l))(sj? R S’r'—l)w ': O <& tick v <& 0O _‘bll

. Both the time divergence and blameless conditions descanditions that apply to the infinite

path in a way which allows us to discard any finite prefix aniti stisfy the conditions:

(85, -+ 80—1)" = OO tick v © O =bly

Thus, we have demonstrated that in the first loop created bgysop7; againstr,, it must be
the case that there istéck event within the loop, or player 1 is not to blame anywherdninmit

the loop.

. To extend this result to further loops in the run, set us nomsider the case where one further

move has been played, = sg, (a}, a3, al), ..., s.. The two cases to consider are whether

it is player 1's play that dictates the movedq or whether it is player 2’s play.

(2)1. Case “player 1's choice™ In this case, we know that thedisirategy must have provided
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the movea!l ; = al ,, so:

r—11

a;_y =71 (0<r1)
= 7} (residual(o<,_1))
= i (s0, (a}, a2, al), ..., 55)
But this means thato, (aj, a3, al), ..., s;, s, is a possible trace of the finite game with

at most one loop. Thus, we can reapply stép& through(1)6 to
S0, <a(1)5 a(Q)a aoT>7 <o 85, 8r

to show that the first loop that appears in this new run mustsasisfy the well-formed-

ness condition for player 1.

(2)2. Case “player 2's choice”: By player 2's choice, we mean tla, # a  ;; the move to
s, is due to a play of player 2. Using a similar set of equalitiesnathe other case, we

can conclude

WT(SQ, <aé7agaag>a R Sj) = a]l = a'}'—l 7& a?—l
In fact, we already know that} must be the move describing the edgga;)s; 1, S0

that we have:
T2 (80, (ay, ad,ad ), ..., sr,1<a]1-)) =a?

wherea?_, is the move that defines the edge ; (a?>_,)s,. Sincea?_, is a valid move
for player 2 at the current state of the game, it must haveladsm a valid move when
the game was at the same state earlier — namelyTherefore, there must exist some

strategysr,, such that it is the same as except that

ﬂ-é(SO’<a(1J’a(2J’a(,1)ﬂ>7"'78j<a;>) a72~—1
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The existence of this alternative strategy for player 2 thaémits the existence of a pos-

sible run of the finite game which looks like

o' = so, <a(1)7 a(2)7 ag>’ <o 8 <a}a CLE?I, a'72~71>’ sr)
where there is only at most one loop in the run (terminating. atAs in the other case,
we can reapply stepd )2 through(1)6 to ¢’ to show that the first loop that appears in

this new run must also satisfy the well-formedness condifiow player 1.

(1)8. By repeating this argument for each possible trace ang évep in each trace, we end up at

the result that all loops must satisfy the well-formednesxtion for player 1.

O

Theorem 13. Let; be a strategy for player 1 in the finite game, afidbe an infinite strategy for

player 1 which is formed using the loop-cutting methodrlis a witness to well-formedness of the

finite game, thert, is a witness to well-formedness in the infinite game.

Proof. SKETCH: Every loop in the quasi-segmentation of an infinite run isoagible terminating

loop from the finite game. By reasoning about the properti¢sase loops, we obtain the result.

(1)1. By hypothesis, strategy; (and by extension, stratedy ) generates only loops which individ-

ually satisfy the well-formedness condition (follows frdemma 12), no matter what strategy,

o € 1I%, that player 2 may employ.

. For all possible runs resulting frofmy playing againstry, we can describe the run as a set of

loops which make it up:

Vo € Outcomes® ™ (s, T1,m) | @Seg(o) = (A1, Ag,...)

. Consider the set of loops in the quasi-segmentation.eEftiere are infinitely many loops in

which time diverges, or there are a finite number of such loops

(2)1. Case I: If there are infinitely many loops in which time dges, then it must be the case

thato = OCtick as well, and therefor®FCy (o) is true.
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(2)2. Case II: Since each loop satisfies the well-formednesdition, but only a finite number
let time diverge, then there must exist some point beyondhvtime never diverges and
instead each loop must have player 1 be blameless (becaysarthwell-formed loops):
Jk.Vi > k| \; E O~-tick A O—bly. Since every loop after this point satisfigs-bly
and there are only a finite number of steps which might notrzeto any loop, then

o = ©0O-bly, and therefordVFC, (o) is true.

(1)4. For every possible run generated by an arbitrary strateggnd the loop-cutting strategi;,
we find that the run must satisfy the well-formedness coolitBut this means that; must be

a witness to well-formedness in the infinite game.
O

Corollary 14. If a game structure is well-formed in the finite version of gane, then it is also

well-formed in the infinite version of the game.

Proof. By hypothesis, the game is well-formed, so by definition ¢herust exist a strategy of the
finite game}, which is a witness to the well-formedness for player 1. @mes the infinite strategy
77 from 77 using the loop-cutting method, and apply Theorem 13. Th{ids a witness to well-
formedness for player 1 in the infinite game. Similarly, therust exist ar5 and a constructed:;
which are witnesses for player 2 of the well-formedness efithite and infinite versions of the game.

By definition, the infinite game must then be well-formed siités well-formed for both players. O
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