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Chapter 1

Introduction

1.1 Control Problems as Games

Control systems are at the heart of the technology that we usein our daily lives. These systems run our

cell phones, microwaves, and cars, and direct the devices torespond to the press of a button. When

our dependence on such devices is critical, as in medical andmilitary devices, much more effort must

be expended to ensure correct operation, usually at significant expense. There is growing evidence

that, even for less critical applications, failures have a substantial cumulative cost (in 2002, this was

estimated at $59 billion in the United States [12]); in effect, many devices are becoming “mission

critical” to our economy. Thus, a better understanding of the theory of control systems will have

widespread implications.

The actual mechanics of a control system in an embedded device takes the form of a state machine.

Sensors gather data about the environment, which the controller combines with internal state variables

to determine an appropriate response. Mathematically, we can then model the system as a graph where

nodes represent the state of the sensors and internal variables, and directed edges representactions

by the controller or environment that change the state. Notethat an action might represent multiple

variables or sensors changing simultaneously; the start and end nodes of the action indicate how the

system state has changed. We assume that that sensors reporttheir data digitally, resulting in a finite

and discrete state space for the entire system.

In Figure 1.1, we show a graph representation of a very simplecontroller for the “automatic
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Terrain: Flat

Gear: HI

Gear: LO

Terrain: Flat
Gear: HI
Terrain: Steep

Gear: LO
Terrain: Steep

TerrainA

TerrainB

TerrainC

TerrainD

GearA GearCGearB GearD

Figure 1.1: An example graph modeling a simplistic controller for the “automatic transmission” of an
automobile. The controller can set the transmission to HI orLO gear, and a sensor indicates whether
the terrain is flat or steep. Edges indicate changes in state that our model allows.

transmission” of an automobile; the problem the controlleris trying to solve is how to control the gear

shifting of the vehicle in response to the environment. The controller has one sensor, which indicates

whether the terrain being driven on is flat or steep, and it controls one internal variable which sets the

gear shift into HI or LO mode. When the controller indicates a gear change, it does so via one of the

actionsGearA, GearB, GearC, orGearD— moving the current state of the system between the top

half of the graph and the bottom half. Changes in the environment are indicated by a corresponding

set of four actions that move the current state of the system between the left and right halves of the

graph. An important point is that our model doesn’t necessarily indicate every possible state change.

For instance, it is possible that the terrain might change from flat to steep in the same instant that the

controller changes the gear from HI to LO. There is no edge in Figure 1.1 that allows such a state

change, but our model accommodates the possibility by allowing the system to traverse through one

of the intermediate states for an instant; e.g., by a play ofTerrainA followed byGearD with no

advancement of time. The partitioning of actions into thosewhich can be controlled and those which

are uncontrolled, and the ability to treat concurrent actions as the composition of two actions with

zero delay between them, simplifies both the modeling and theanalysis of the system.

A useful paradigm in the study of control systems has been to view such systems as a game

between the controller and the environment; the controlleracts to ensure some goal, and the environ-

ment (in the worst case) acts to prevent the goal. Edges in thestate graph represent moves that one

player or the other can take. (This is why we chose to leave outthe edge connecting the diagonal

states in Figure 1.1, as discussed above. There is no action that either the controller or environment

2



can take independently that forces such a state change.) This casting of the problem allows us to

draw on results and techniques from game theory to define strategies for the controller to achieve its

goal [7, 17, 16]. Although this works in the simplest cases, real-time systems have additional dead-

line requirements; for instance, shutting down a nuclear reactor when the emergency stop is pressed.

Timed gamesincorporate time variables into the state space [2], and allow the specification ofguards

on moves of the game to model the deadlines; incrementing of time variables can be accomplished

(as in our framework) through an explicittick action. Work on timed games has primarily focused on

safety, reachability, and otherω-regular goals [14, 3, 4, 11, 8].

Even with the addition of a time component, our model from Figure 1.1 is only partially helpful.

Suppose that the system is in the state where the car is in LO gear while the terrain is flat (the lower

left node of the graph); by appealing to intuition (or possibly some analysis of the physical system),

we know that the controller should change the gear shift to HIgear. There is not actually enough

information in the model for us to decide this, however. By adding costs to the actions, we can model

resources and ask whether it is possible for the controller to make optimal use of them. The goal

of efficiencyin priced timed games[6, 1] is one that has only recently been studied, primarily in the

context of efficient reachability. In this paper, we consider the problem of a priced timed game which

is played forever by two players. Their opposing goals are tomaximize and minimize the long-run

average cost of the game.

A Priced Timed Game

In our formulation of the controller problem, there are two players, thecontrollerand theenvironment,

moving a token around a finite graph. At each round, they concurrently choose a move from those

available from the current location of the token. Moving thetoken from one position in the graph to

another we call animmediate move, modeling the actions of the environment and responses by the

controller. There are also twotimed movesavailable for modeling the passage of time which influence

the game clock without moving the game token:∆0 and∆1. The move∆1 signals the desire by a

player to advance the clock variables by one time step, whilemove∆0 does not advance the game

clock, which we call astuttering step. (Time steps are discrete units of time; they might represent

seconds or minute or other arbitrary time increment. There might be multiple clock variables that

3



measure the elapsed time since they were reset; all of them advance on an increment of the game

clock.) The outcome of each round is determined as follows: immediate moves take precedence over

timed moves, the game clock only advances when both players play ∆1, and if both players choose

an immediate move then one is nondeterministically chosen to move the token.

We associate rewards with each move as well. The goal of the controller is to maximize the long-

run average reward (the total reward accumulated so far, divided by the elapsed time on the game

clock, as the game becomes infinitely long), while the environment plays to minimize the long-run

average reward. We present published results for the case where reward is linked to the advancement

of time.

The game structure, as we have defined it, can be specified by a variation of the notation for timed

automata. Each location is labeled by two invariants (one for each player), which specify how long

the controller and environment can stay at the location. Theactions labeling the edges correspond to

immediate moves, and each one of them belongs to one of the twoplayers. Each location is labeled

with the reward that is accumulated if time advances one timestep while in that state. Figure 1.2

shows an expanded model of the “automatic transmission” controller previously discussed, using a

priced timed game as the basis.

Engines have a heat budget which they must operate within, before they fail catastrophically; we

model this constraint as two deadlines. The first deadline (modeled by an invariant on the controller)

requires that the automobile is to operate in HI gear on a steep grade for no more than ten minutes,

before it must down-shift. The second deadline (modeled by aguard on theReset action) requires

a cool-down period (simplistically modeled using the same clock variable) before the engine can

attempt to go into HI gear again. We have also added rewards toeach state, indicating the speed that

the automobile travels at when it is in that state for any amount of time. The goal of the controller

in this new model is to maximize the overall average speed of the automobile, while respecting the

timing constraints of the engine.

In the context of this example, this work poses the question,“what is the best average speed that

the automobile can achieve?” To answer this question, we treat the environment as an adversary

who strives to minimize the average speed. The example of Figure 1.2 is simple enough that we can

appeal to intuition to arrive at a strategy for the controller: stay in HI gear as long as allowed. The

environment’s best strategy for minimizing the performance is to always have steep terrain.
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Terrain: Flat
Gear: HI

InvariantC : true
InvariantE : true
Reward: 500

InvariantE : true
InvariantC : true
Terrain: Steep
Gear: LO

InvariantE : true
Reward: 300

InvariantC : true
Terrain: Flat
Gear: LO

InvariantE : true
InvariantC : t ≤ 10
Terrain: Steep
Gear: HI

InvariantE : true

Terrain: Steep
Gear: LO

t := 0

GearUp
GearDownGearUp

GearDown

ResetTerrainFlat

TerrainFlat

TerrainSteep

TerrainFlat

TerrainSteep

Reward: 250

InvariantC : true

t ≥ 20
Reward: 100

Reward: 150

Figure 1.2: This example expands upon the control system of Figure 1.1 by modeling two resources:
the heat budget of the engine and speed of the automobile. Theheat budget is tracked by clock
variable t, allowing the engine to be in HI gear on a steep grade for at most ten minutes before
requiring a cool-down period. The speed in any system state is given by the reward in that state. The
goal of the controller is to maximize the long-run average reward in an arbitrary terrain.

Although this particular example has a rather simple solution, it does not take much more com-

plexity to make analysis intractable. For instance, if we were to model deadlines for the environment

(e.g., that a steep grade must last at least three minutes) oradd some additional states (e.g., uphill

versus downhill), the number of nodes and cycles in the graphquickly grows beyond what can be

analyzed through intuition. By treating the system as a gamewith a performance goal, we can answer

the question of what the best performance is (and precomputea strategy to achieve this performance)

by assuming that the environment is an adversary intent on minimizing the performance, subject to its

own constraints.
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1.2 Related Work

Game theory is a branch of mathematics studying choices of players, with the objective of achieving

some goal. Many control problems can be described as atwo-player game, between the controller and

the environment, each with their own goals, and are easily represented as a decision tree where each

node requires that a choice be made a player. There is a correspondence between the decision tree

view of a game and automata specifications, allowing many results from game theory to be applied to

computer science problems [7, 17, 16].

The deadline requirements of real-time systems has necessitated the development oftimed games

played on timed automata [2], where the advancement of time can be either an implicit action or an

explicit action to be made by the players. Any representation of a timed game with discrete-time can

be transformed into an untimed equivalent, and is thus equivalent to a classic two-player game. Work

on timed games has primarily focused on safety, reachability, and otherω-regular goals [14, 3, 4, 11,

8].

Although timed games can be used to model and solve many kindsof problems, certain efficiency

goals can’t be expressed. For instance, Figure 1.1 is not able to express a goal about efficiently

using gasoline, or minimizing damage to the underlying equipment. Problems relating to the use of

resources require additional information; this leads topriced timed games, where weights are specified

when time advances.

Previous work on priced timed games [6, 1] does not restrict the framework to discrete-time incre-

ments. Instead, they treat time as a continuous variable; players can choose arbitrary delays, poten-

tially leading to a “Zeno’s Paradox” situation where delaysbecome smaller and smaller so that time

never actually advances beyond a limit point. Earlier worksaddress this by including a restriction

such that the timed automaton are constructed in a way which forces time to advance. Although our

framework is less expressive for being discrete time, we don’t have any such structural constraints.

The previous work in priced timed games is also different in that it has been concerned with effi-

cient reachability [6, 1] as a goal for the players. That is, given a starting state and a set of target states,

what strategy incurs the least accumulated cost to reach anytarget state, if cost is accrued only when

time advances. We consider a different goal for the player, that of achieving an efficient long-run av-

erage, which might be a more appropriate performance metricfor reactive systems which are “always

6



on.” This is most like the work done by Bouyer, et al. [5], in which they examine double priced timed

automata (including both costsandrewards, with restrictions) and show how to determine the optimal

cost/reward ratio. Our work differs from this previous workin that we examine two-player priced

timed games with non-determinism, as opposed to a deterministic single player game.

The long-run average reward in a priced timed game is equivalent to research onmean payoff

goals in classic two player-games [10, 18, 13]. Our particular definition of long-run average reward

depends on the specifictick action to advance time, and also has concurrent actions by players,

which is a generalization of the case first considered in [10]. The player control over time potentially

introduces undesired strategies which defy our notions of realistic physical systems, which we address

by including a goal of not receiving blame for stopping time.

Contributions

The unique contributions made in this thesis are:

• A generalization of mean payoff games [10] where the advancement of time is an action that

can be chosen by the players. We adapt and expand upon detailsof the earlier proof that there

is a finite game with the same value as the infinite game, and that there is a memoryless strat-

egy to achieve that value. We add one structural requirementto address physically impossible

strategies that arise due to the player control of time.

• A discussion of well-formedness and value, and argument against some possibilities.

• A counter-example of determinacy in our formalism.

• An example to demonstrate the need for restricting costs totimed moves.
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Chapter 2

Defining the Game

In this chapter, we present a discrete-time game structure that serves as the formalism for our proofs.

We also define the goal of long-run average games played on thegame structure, and introduce terms

to describe plays. We then introduce priced timed automata for specifying the discrete-time game

structures, and show how to create a turn-based version of the game.

2.1 The Playing Field

We definediscrete-time game structuresas a discrete-time variation of the timed game structures of

[8]. A discrete-time game structure represents a game between two players, which we denote by 1, 2;

we indicate by∼i the opponent ofi ∈ {1, 2} (that is, player3− i). A discrete-time game structureis

a tupleG = (S, Acts1, Acts2,Γ1,Γ2, δ, r), where:

• S is a finite set of states.

• Acts1 andActs2 are two disjoint sets of actions for player 1 and player 2, respectively. We

assume that∆0,∆1 /∈ Actsi and writeMi = Actsi ∪ {∆0,∆1} for the sets of moves of player

i ∈ {1, 2}.

• For i = 1, 2, the functionΓi : S 7→ 2Mi \ ∅ is an enabling condition, which assigns to each

states a setΓi(s) of moves available to playeri in that state.

• δ : S× (M1∪M2) 7→ S is a destination function that, given a state and a move of either player,

determines the next state in the game.
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• r : S × (M1 ∪M2) 7→ Z is a function that associates arewardwith each states ∈ S and move

of either player: this is the reward that is accumulated to the game total when the given move is

played at states.

The move∆0 represents a stuttering move that takes zero amount of time,and allows a player to

“pass” for a round to see what action the opponent will take. We require that∆0 is always enabled:

for s ∈ S andi ∈ {1, 2}, we always have∆0 ∈ Γi(s). When taken, the move∆0 does not cause a

state change: for alls ∈ S, we haveδ(s,∆0) = s. The moves in{∆0}∪Acts1∪Acts2 are known as the

zero-time moves. The move∆1 represents the decision of waiting for 1 time unit. We do not require

that∆1 be always enabled: if we have∆1 6∈ Γi(s) for playeri ∈ {1, 2} at a states ∈ S, then playeri

cannot wait, but must immediately play a zero-time move. We define thesizeof a discrete-time game

structure by|G| =
∑

s∈S(|Γ1(s)| + |Γ2(s)|).

2.2 Rules of the Game

A timed game proceeds as follows. At each states ∈ S, player 1 chooses a movea1 ∈ Γ1(s),

and simultaneously and independently, player 2 chooses a move a2 ∈ Γ2(s). The successor state

δ̃(s, a1, a2) is then determined according to the following rules.

• Actions take precedence over stutter steps and time steps.If a1 ∈ Acts1 or a2 ∈ Acts2, then the

game takes an actionaT selected nondeterministically from
{
a1, a2

}
∩ (Acts1∪Acts2), and the

game proceeds to locatioñδ(s, a1, a2) , δ(s, aT ).

• Stutter steps take precedence over time steps.If a1, a2 ∈ {∆0,∆1}, there are two cases.

– If a1 = ∆0 or a2 = ∆0, the game performs a stutter step, andδ̃(s, a1, a2) , s.

– If a1 = a2 = ∆1, then the game performs a time step of duration 1, and the gameproceeds

to δ̃(s,∆1,∆1) , δ(s,∆1) , s.

Fitting a real-world situation to this framework has an issue that might seem strange at first glance.

The awkwardness appears in the nondeterminism if both players choose an action in the same round;

only one action is selected and the other is discarded, but actions by the environment seem “sacred”

in the sense that we cannot just decide that they did not happen. It is the constructed model that must

9



resolve this, by allowing the action of the environment fromany state where it is possible to occur.

The action by the controller might be chosen, but in subsequent rounds the environment can again

play the same action until it is selected. (Recall that actions have precedence over timed moves and

take zero time themselves, so there might be multiple roundsthat occur in the same instant of time.)

This turns out to be a modeling detail that is specific to designing control systems; the mathematics

of our proofs does not actually require that actions of the environment always be enabled.

2.3 Describing Plays of the Game

An infinite run(or simplyrun) of the discrete-time game structureG is a sequence

s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, 〈a

1
1, a

2
1, a

T
1 〉, s2, . . .

describing a play of the game starting from states0 such that, for allk ≥ 0, we have:

sk ∈ S,

a1
k ∈ Γ1(sk),

a2
k ∈ Γ2(sk),

aT
k ∈

{
a1

k, a2
k

}

sk+1 ∈ δ̃(sk, a1
k, a2

k),

sk+1 = δ(sk, aT
k ).

whereaT
k is the action that was actually taken from statesk to statesk+1. A finite runσ is a finite

prefix of a run that terminates at a statesn; we then setlast(σ) = sn.

We denote byFRuns the set of all finite runs of the game structure, and byRunsthe set of its

infinite runs. For a finite or infinite runσ, and a numberk < |σ|, we denote byσ≤k the prefix ofσ up

to and including stateσk. That is,

σ≤k = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, 〈a

1
1, a

2
1, a

T
1 〉, s2, . . . , sk−1, 〈a

1
k−1, a

2
k−1, a

T
k−1〉, sk

10



A states′ is reachablefrom another states if there exists a finite run

s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn

such thats0 = s andsn = s′.

A strategy, πi, for playeri ∈ {1, 2} is a mappingπi : FRuns 7→ Mi that associates with each

finite runs0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn the move to be played atsn, denoted by

πi(s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn)

We require that the strategy only selects enabled moves, that is, πi(σ) ∈ Γi(last(σ)) for all σ ∈

FRuns . For i ∈ {1, 2}, let Πi denote the set of all playeri strategies. For strategiesπ1 ∈ Π1

andπ2 ∈ Π2, we say that a runs0, 〈a
1
0, a

2
0, a

T
0 〉, s1, 〈a

1
1, a

2
1, a

T
1 〉, s2, . . . is consistentwith π1 and

π2 if, for all n ≥ 0 and i = 1, 2, we haveπi(s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn) = ai

n. We denote by

Outcomes (s, π1, π2) the set of all infinite runs that start ins and are consistent withπ1, π2. Note

that in our timed game, two strategies and a start state yielda setof outcomes, because if the players

both propose actions, a nondeterministic choice between the two moves is made. According to this

definition, strategies can base their choices on the entire history of the game, consisting of both past

states and moves.

2.4 Player Goals

We consider games where the goal for player 1 consists in maximizing the average reward per time unit

obtained along a game outcome. The goal for player 2 is symmetrical, and it consists in minimizing

the average reward per time unit obtained along a game outcome. It bears mentioning that we assume

time divergenceas part of the goal; that is, that players don’t play in such a way that causes time to

stop progressing.
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Long-Run Average Reward of a Run

To define the long-run average reward of an infinite run, we must first define the average reward for

finite runs, and then extend this to the infinite case. Consider a finite run

σ = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn

and for allk = 0 . . . n, denote byσk its k-th statesk, and byσ1
k, σ2

k the movesa1
k anda2

k played

by players 1 and 2 at thek-th position ofσ. We also letσT
k represent the move which was actually

taken, leading to stateσk+1. The time elapsed,Tk, at stepk of the run is defined byTk(σ) = 1 if

σ1
k = σ2

k = ∆1, andTk(σ) = 0 otherwise; the rewardRk accrued at stepk of the run is given by

Rk(σ) = r(σk, σT
k ). The time elapsed duringσ and the reward achieved duringσ are defined in the

obvious way, byT (σ) =
∑n

k=0 Tk(σ) andR(σ) =
∑n

k=0 Rk(σ).

As a game is played, the finite run representing the game so fargrows with each round. Since

rewards may accumulate at different positions than where time elapses, the average reward may not

approach a single value. For this reason, we define the long-run average reward of an infinite run,σ′,

to be the infimum of the average reward, as given by

r(σ′) = lim inf
n→∞

R(σ′
≤n)

T (σ′
≤n)

.

2.5 Specifying the Game

We specify discrete-time game structures viadiscrete-time game automata, which are a discrete-time

version of thetimed automaton gamesof [8]; both models are two-player versions of timed automata

[2]. A clock conditionover a setC of clocks is a boolean combination of formulas of the formx ¹ c

or x − y ¹ c, wherec is an integer,x, y ∈ C, and¹ is either< or ≤. We denote the set of all clock

conditions overC by ClkConds(C). A clock valuationis a functionκ : C 7→ R≥0, and we denote by

K(C) the set of all clock valuations forC.

A discrete-time game automatonis a tuple

A = (Q,C, Acts1, Acts2, E, θ, ρ, Inv1, Inv2, SRew, ERew)

12



where:

• Q is a finite set of locations.

• C is a finite set of clocks.

• Acts1 andActs2 are two disjoint, finite sets of actions for player 1 and player 2, respectively.

• E ⊆ Q × (Acts1 ∪ Acts2) × Q is an edge relation.

• θ : E 7→ ClkConds(C) is a mapping that associates with each edge a clock conditionthat

specifies when the edge can be traversed. We require that for all (q, a, q1), (q, a, q2) ∈ E with

q1 6= q2, the conjunctionθ(q, a, q1)∧θ(q, a, q2) is unsatisfiable. In other words, the game move

and clock values determine uniquely the successor location.

• ρ : E 7→ 2C is a mapping that associates with each edge the set of clocks to be reset when the

edge is traversed.

• Inv1, Inv2 : Q 7→ ClkConds(C) are two functions that associate with each location an invariant

for player 1 and 2, respectively.

• SRew: Q 7→ Z is a function that assigns a rewardSRew(q) ∈ Z with eachq ∈ Q, accumulated

when time advances at locationq.

• ERew : E 7→ Z is a function that assigns a rewardERew(e) ∈ Z to each edgee ∈ E,

accumulated when that edge is traversed as part of a run.

Given a clock valuationκ : C 7→ R≥0, we denote byκ + 1 the valuation defined by(κ + 1)(x) =

κ(x) + 1 for all clocksx ∈ C. The clock valuationκ : C 7→ R≥0 satisfiesthe clock constraint

α ∈ ClkConds(C), writtenκ |= α, if α holds when the clocks have the values specified byκ. For a

subsetC ′ ⊆ C of clocks,κ[C ′ := 0] denotes the valuation defined byκ[C ′ := 0](x) = 0 if x ∈ C ′,

and byκ[C ′ := 0](x) = κ(x) otherwise.

The discrete-time game automatonA induces a discrete-time game structure[[A]], whose states

consist of a location ofA and a clock valuation overC. The idea is the following. The move∆0

is always enabled at all states〈q, κ〉, and leads again to〈q, κ〉. The move∆1 is enabled for player

i ∈ {1, 2} at state〈q, κ〉 if κ + 1 |= Invi(q); the move leads to state〈q, κ + 1〉. For playeri ∈ {1, 2}

13



anda ∈ Actsi, the movea is enabled at a state〈q, κ〉 if there is a transition(q, a, q′) in E which is

enabled at〈q, κ〉, and if the invariantInvi(q
′) holds for the destination state〈q′, κ[ρ(q, a, q′) := 0]〉. If

the values of the clocks can grow without bound, this translation would yield an infinite-state discrete-

time game structure. However, we can defineclock regionssimilarly to timed automata [2], and we

can include in the discrete-time game structure only one state per clock region; as usual, this leads to

a finite state space.

2.6 A Turn-based Timed Game

As a further refinement, we now describe aturn-basedversion of the timed game, which can be

played on the same discrete-time game structure. Turn-based games are easier to reason about, and

we will later discover that this one has an equivalent value to the concurrent version. In the turn-based

game, player 1 chooses his move before player 2 at each round.Player 2 can thus use her knowledge

of player 1’s move to choose her own. Moreover, when both players choose an action, the action

chosen by player 2 is carried out. Notice that if player 2 prefers to carry out the action chosen by

player 1, she can reply with the stuttering move∆0. Definitions pertaining this game have a “t ∞”

superscript that stands for “turn-based infinite”. We definethe turn-based joint destination function,

δ̃t : S × M1 × M2 7→ S, by

δ̃t(s, a1, a2) =





δ(s,∆1) if a1 = a2 = ∆1

δ(s,∆0) if
{
a1, a2

}
⊆ {∆0,∆1} anda1 = ∆0 or a2 = ∆0

δ(s, a1) if a1 ∈ Acts1 anda2 ∈ {∆0,∆1}

δ(s, a2) if a2 ∈ Acts2

As before, a run is an infinite sequences0, 〈a
1
0, a

2
0, a

T
0 〉, s1, 〈a

1
1, a

2
1, a

T
1 〉, s2, . . . such thatsk ∈ S,

a1
k ∈ Γ1(sk), a2

k ∈ Γ2(sk), andsk+1 ∈ δ̃t(sk, a1
k, a2

k) for all k ≥ 0. A 1-run is a finite prefix

of a run ending in a statesk, while a 2-run is a finite prefix of run ending in a movea1 ∈ M1.

For a 2-runσ = s0, 〈a
1
1, a

2
1〉, s1, . . . , sn, 〈a1

n〉, we setlast(s0, 〈a
1
1, a

2
1〉, s1, . . . , sn, 〈a1

n〉) = sn and

lastact(s0, 〈a
1
1, a

2
1〉, s1, . . . , sn, 〈a1

n〉) = a1
n. For i ∈ {1, 2}, we denote byFRunsi the set of alli-

runs. Intuitively,i-runs are runs where it is playeri’s turn to move. In the turn-based game, astrategy,
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c1

s0 s2s1
a1 a2

b1

Figure 2.1: A sample timed automaton is shown, where time is allowed to diverge in every state. All
state invariants and transition guards aretrue. All rewards are set to zero.

πi, for playeri ∈ {1, 2} is a mappingπi : FRunsi 7→ Mi such thatπi(σ) ∈ Γi(last(σ)) for all

σ ∈ FRunsi. For i ∈ {1, 2}, let Πt

i denote the set of all playeri strategies; notice thatΠt

1 = Π1.

Player 1 memoryless strategies are defined as usual. We say that a player 2 strategyπ2 ∈ Πt

2 is

memorylessiff, for all σ, σ′ ∈ FRuns2, last(σ) = last(σ′) and lastact(σ) = lastact(σ′) imply

π2(σ) = π2(σ
′).

For strategiesπ1 ∈ Πt

1 andπ2 ∈ Πt

2, we say that a runs0, 〈a
1
0, a

2
0, a

T
0 〉, s1, 〈a

1
1, a

2
1, a

T
1 〉, s2, . . . is

consistentwith π1 andπ2 if, for all n ≥ 0 andi ∈ {1, 2}, we haveπ1(s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn) =

a1
n andπ2(s0, 〈a

1
1, a

2
1〉, s1, . . . , sn, 〈a1

n〉) = a2
n. Sinceδ̃t is deterministic, for alls ∈ S, there is a

unique run that starts ins and is consistent withπ1 andπ2; we call this runOutcomest ∞(s, π1, π2).

An Example Automata

It can be helpful to imagine that the discrete-time game structure has “ghost” states, representing

positions where it is player 2’s turn to move (one for each move of player 1, in fact). As an example,

consider a timed automata (shown in Figure 2.1), which has noexplicit clocks or invariants; time is

allowed to diverge in every state. The expansion of the Figure 2.1 automaton into a turn-based game,

shown in Figure 2.2, results in several additional “ghost” states representing moves by player 2 (one

for every possible move of player 1, in fact). From player 2 states, the moves∆0 and∆1 always have

the same destination in this particular expansion, and are shown together as a single edge.
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a2

a2

∆1

∆0

∆1

∆0

∆1

∆0

a1s0 s1 s2
c1

b1

∆0,∆1

∆0,∆1

∆0,∆1

∆0,∆1

∆0,∆1

Figure 2.2: This figure shows the turn-based equivalent of Figure 2.1, where “ghost” states have been
added to represent positions where player 2 must play a move.Notice that any play by player 1 from
states2 leads to a state where player 2 can choose to playa2 and override player 1’s choice. Bold
arrows represent moves∆0 and∆1 made by player 2, which always have the same destination in this
particular automaton.
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Chapter 3

Well-Formedness and Value

When devising control systems, it is often useful to consider“worst-case scenarios” for how the

overall system will behave; casting the problem as a game between the controller and the environment

is a natural way to analyze the system for the worst case. In particular, we can define thevalueof

a game structure to each player as being the maximum reward that a player can ensure (orsecure),

no matter how his opponent plays. This forces us to analyze the system with the assumption that the

environment is clever and will implement a strategy to thwart the controller. A formal definition of

the value, for player 1, of a game structure, when starting from states, is simply:

ṽ1(G, s) = sup
π1∈Π

1

inf
π2∈Π

2

inf {r(σ) | σ ∈ Outcomes (s, π1, π2)} .

A short-coming of modeling real systems, however, is that spurious solutions might arise. Our

model, as presented, is simplistic in its handling of time: player actions take zero time, and time only

advances when both players agree to advance it (by playing∆1). In embedded software, this isn’t

an unrealistic view; the idea is that actions are typically so fast as compared to a global timer that all

actions can be completed before the timer expires.

The game as we have defined it so far, however, does nothing to prohibit such strategies. For

instance, nothing about our game restricts both players from always playing∆0 if the game structure

allows it, preventing time from ever advancing. As a more concrete example, consider the game of

Figure 3.1 (on page 18). We havẽv1(〈q0, [x := 0]〉) = 4, where the optimal strategy for player 1

17



Inv2 : true
Inv1 : x≤2 a

1

r = 1r = 2

Inv1 : true
Inv2 : true

q0

Figure 3.1: A game automaton where player 1 can freeze time toachieve a higher average reward.

The labeled rewards are accumulated only when time advancesin each state.

consists in staying atq0 forever, never playing the movea1. Due to the invariantx ≤ 2, such a

strategy blocks the progress of time: oncex = 2, the only move player 1 can play is∆0. It is easy to

see that the only strategies of player 1 that do not block timeeventually play movea1, and have value

1. Note that the game does not contain any blocked states, i.e., from every reachable state there is a

run which is time-divergent: the lack of time progress of theabove-mentioned strategy is due to the

fact that player 1 values obtaining a high average reward more than letting time progress.

Obviously, we need to forbid players from “stopping time”. There are two typical ways to do this:

define a well-formedness condition to forbid runs which allow time to freeze, or redefine the reward

to punish strategies which do not advance time. We first explore well-formedness conditions, and then

present an alternative formulation of the game reward to address time divergence.

3.1 Well-Formedness

Well-formedness is a technique for defining which runs are “legal” for a player; that is, we specify the

conditions that must hold along a run for it to be meaningful “in the real world.” The game structure

is described aswell-formedif both players have strategies such that every outcome of the game meets

the well-formedness conditions of each player. In the case of the game we are analyzing, we would

like to ensure that either time diverges in a run, or the player is not responsible for stopping time.

Formalizing this requirement has been previously exploredin timed games [3, 9, 8], and we borrow

the same notions here.

We first define two predicates on states and the moves played from the states. A state represents

a tick eventif both players agree to advance time:tick(sj , 〈a
1
j , a

2
j , a

T
j 〉) is true iff aT

j = ∆1. Ad-

ditionally, we describe a playeri as receiving blame at a state if he does not try to advance time:

bl i(sj , 〈a
1
j , a

2
j , a

T
j 〉) is true iff ai

j 6= ∆1. Using these predicates, we can specify the well-formedness

conditions for each player using linear temporal logic [15].
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We proposed five different formulations for how to assign responsibility for stopping time in a run,

documented in Table 3.1. When considering them informally, each proposal seems somewhat reason-

able, highlighting the general difficulty of formalizing specifications. In practice, we can immediately

disqualify (a) and (e) by considering a timed automaton where invariants forbid the advancement of

time by either player; clearly, no run is valid, but the well-formedness conditions of both players allow

all runs. Proposal (d) can also be disqualified, by considering a run where the players alternate play-

ing ∆1, but never play it at the same time; again, time does not advance, but each player repeatedly

satisfies the predicate¬bl i.

The two proposals left are both agreeable to our intended specification. Proposal (b) has the nice

property that3 2¬bl1 and23 bl1 are logical negations of each other, so any run where time does

not diverge clearly fails one of the two conditions. What is less obvious is that when time doesn’t

diverge, eventually it must hold that¬bl2 =⇒ bl1, leading us to infer:

3 2¬bl2 =⇒ 3 2 bl1 =⇒ 23 bl1

Thus, all runs where time does not diverge will fail one or both well-formedness conditions in pro-

posals (b) and (c). Given the choice, we then prefer proposal(c) for its symmetry, and being the

discrete-time equivalent of the winning condition used in [8].

We can now formally define that runs satisfy the well-formedness condition for playeri if time

(a)
WFC1(σ) , σ |= 2 3 tick ∨ σ |= 32 bl2
WFC2(σ) , σ |= 2 3 tick ∨ σ |= 32 bl1

(b)
WFC1(σ) , σ |= 2 3 tick ∨ σ |= 32¬bl1
WFC2(σ) , σ |= 2 3 tick ∨ σ |= 23 bl1

(c)
WFC1(σ) , σ |= 2 3 tick ∨ σ |= 32¬bl1
WFC2(σ) , σ |= 2 3 tick ∨ σ |= 32¬bl2

(d)
WFC1(σ) , σ |= 2 3 tick ∨ σ |= 23¬bl1
WFC2(σ) , σ |= 2 3 tick ∨ σ |= 23¬bl2

(e)
WFC1(σ) , σ |= 2 3 tick ∨ σ |= 23 bl2
WFC2(σ) , σ |= 2 3 tick ∨ σ |= 23 bl1

Table 3.1: Five proposals for well-formedness conditions that prescribe valid runs for each player.
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diverges or playeri is eventually always blameless for time not diverging:

WFCi(σ) , σ |= 23 tick ∨ σ |= 3 2¬bl1

Additionally, the well-formedness of the game structure for each playeri is defined as:

WFi(G) , ∃πi ∈ Πt

i.∀π∼i ∈ Πt

∼i.∀σ ∈ Outcomes t ∞(s, πi, π∼i) | WFCi(σ)

Theorem 1. A run of the game satisfies the well-formedness condition forboth players iff time di-

verges in the run.
Formally:

∀π1 ∈ Πt

1.∀π2 ∈ Πt

2.∀σ ∈ Outcomes t ∞(s, π1, π2) | WFC1(σ) ∧ WFC2(σ) ⇐⇒ σ |= 23 tick

Proof. SKETCH: The reverse direction trivially satisfies the definition ofthe well-formedness condi-

tion for both players. In the forward direction, we show thatsatisfying the well-formedness condition

for both players leads to a run where both players are blameless, which is equivalent to time diverging.

〈1〉1. The reverse direction of the theorem is trivially true. The definition of well-formedness for each

player is:

WFC1(σ) ⇐⇒ σ |= 2 3 tick ∨ σ |= 3 2¬bl1

WFC2(σ) ⇐⇒ σ |= 2 3 tick ∨ σ |= 3 2¬bl2

Time divergence satisfies the first clause of the disjunctionfor both definitions,∴ bothWFC1

andWFC2 are true and thus all runs where time is divergent satisfy thewell-formedness con-

ditions.

〈1〉2. For all runs which satisfy the well-formedness conditionfor both players, time either diverges

or both players are eventually forever blameless.

Proof. By hypothesis of the forward direction of the theorem, we areconsidering all runs which

satisfy the well-formedness condition for both players when they are playing some strategies
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π1 ∈ Πt

1 andπ2 ∈ Πt

2, respectively. Then, for allσ ∈ Outcomes t ∞(s, π1, π2), we have:

WFC1(σ) ∧ WFC2(σ)

⇐⇒(σ |= 2 3 tick ∨ σ |= 32¬bl1) ∧ (σ |= 2 3 tick ∨ σ |= 3 2¬bl2)

⇐⇒σ |= 23 tick ∨ (σ |= 32¬bl1 ∧ σ |= 3 2¬bl2)

⇐⇒σ |= 23 tick ∨ σ |= 3 2(¬bl1 ∧ ¬bl2)

〈1〉3. Time must diverge for all run which satisfy the well-formedness condition for both players.

Proof. SKETCH: Both players being always blameless implies that time diverges.

〈2〉1. If both players are eventually always blameless in a run ofthe game, then time must

diverge in that run.

SKETCH: The tick event is equivalent to both players making a blameless move.Thus,

an infinite number of blameless move is equivalent to an infinite number oftick events.

〈3〉1. By definition, time divergence is the property that there is always atick event at

some time in the future:σ |= 23 tick

〈3〉2. By definition, atick event occurs when both players choose the∆1 move in the

same round, and are thus both without blame for the round:σ |= 2 3 tick ⇐⇒

σ |= 23(¬bl1 ∧ ¬bl2)

〈3〉3. If both players are eventually always blameless, they arealso always eventually

blameless. This follows from the fact that always being blameless is a stronger

condition:σ |= 3 2(¬bl1 ∧ ¬bl2) =⇒ σ |= 23(¬bl1 ∧ ¬bl2)

〈3〉4. From〈3〉2 and〈3〉3, we then have:σ |= 3 2(¬bl1 ∧ ¬bl2) =⇒ σ |= 2 3 tick

〈2〉2. The result of〈1〉2 then implies more simply thatσ |= 23 tick , therefore:

∀σ ∈ Outcomes t ∞(s, π1, π2).(WFC1(σ) ∧ WFC2(σ) =⇒ σ |= 23 tick)

since the right term of the disjunction implies time divergence.
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〈1〉4. Result〈1〉3 shows the forward direction of the theorem, and result〈1〉1 shows the reverse.

Therefore, the theorem is true as stated.

Corollary 2. If time cannot advance in any run of a game, then that game is not well-formed.
Formally:

∀π1 ∈ Πt

1.∀π2 ∈ Πt

2.∀σ ∈ Outcomes t ∞(s, π1, π2) | σ |= ¬2 3 tick =⇒ ¬WF1(σ) ∨ ¬WF2(σ)

Proof. Directly follows from the contrapositive of the previous theorem.

Additional proofs relating to well-formedness can be foundin Appendix A.

3.2 The Value of the Game

An alternative to having a well-formedness condition is to redefine the rewards of the game to punish

undesirable behaviors. Although both techniques are essentially equivalent for the proofs in this

report, we find the implementation to be simpler when only rewards must be considered.

To ensure that winning strategies do not block the progress of time, we modify the definition

of value of a run, so that ensuring time divergence has higherpriority than maximizing the average

reward. Following [8], we introduce the following predicates:

• For i ∈ {1, 2}, we denote byblamelessi(σ) (“blamelessi” ) the predicate defined by∃n ≥

0.∀k ≥ n.σi
k = ∆1. Intuitively, blamelessi(σ) holds if, alongσ, playeri beyond a certain

point does not play any moves that block the progress of time.(This corresponds to the LTL

expression “σ |= 32¬bl i” which we explored in the previous section.)

• We denote bytd(σ) (‘ ‘time-divergence”) the predicate defined by∀n ≥ 0 . ∃k ≥ n . [(σ1
k =

∆1) ∧ (σ2
k = ∆1)]. (This is exactly “σ |= 23 tick ”, as explored in the previous section.)

We define the value of a runσ ∈ Runsfor playeri ∈ {1, 2} by:

wi(σ) =





+∞ if blamelessi(σ) ∧ ¬td(σ);

(−1)(i+1) r(σ) if td(σ);

−∞ if ¬blamelessi(σ) ∧ ¬td(σ).

(3.1)
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It is easy to check that, for each run, exactly one of the threecases of the above definition applies.

Also, notice that iftd(σ) holds, thenw1(σ) = −w2(σ), so that the value of time-divergent runs is

defined in a zero-sum fashion. We define the value of the game for playeri ats ∈ S as follows:

vi(G, s) = sup
πi∈Π

i

inf
π∼i∈Π

∼i

inf {wi(σ) | σ ∈ Outcomes (s, π1, π2)} . (3.2)

We omit the argumentG from vi(G, s) when clear from the context.

Note that equation (3.2) resolves nondeterminism in favor of player 2; intuitively, player 1 must

be able to secure a value even if “luck” should go against her.Since our construction of the turn-based

game gives preference to player 2 as well, we have:

Theorem 3. The value of the turn-based game is the same as the value of theconcurrent game:

v1(G, s) = vt ∞

1 (G, s)

Proof. Consider anyπ1 ∈ Π1. SinceΠ1 = Πt

1, player 1 can employπ1 in both the original timed

game and in the turn-based game. We show that, in the turn-based game,π1 can achieve at least the

same value as in the original timed game. Consider anyπ2 ∈ Πt

2 andσ ∈ Outcomes t ∞(s, π1, π2).

Player 2 cannot directly useπ2 in the original timed game, because in that game she cannot base

her decisions on the current move of player 1. However, sinceπ1 is fixed, we can findπ′
2 ∈ Π2

thatguessesthe move of player 1 at each step, effectively simulating thebehavior ofπ2 when played

againstπ1. It then holds thatσ ∈ Outcomes (s, π1, π
′
2). Since this holds for anyπ1, we have that

v1(s) ≤ vt ∞

1 (s).

The inequalityv1(s) ≥ vt ∞

1 (s) is immediate, since it is clearly an advantage for player 1 to

conceal his move from player 2 at each round.

Determinacy

A game isdeterminedif, for all s ∈ S, we havev1(s)+v2(s) = 0: this means that if playeri ∈ {1, 2}

cannot enforce a rewardc ∈ R, then player∼i can enforce at least reward−c. The following theorem

provides a strong non-determinacy result for average-reward discrete-time games.
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x := 0x := 0

a
1

x≥1 x≥1

Inv1 : x≤0

Inv2 : x≤0

r = −c r = +c
a
1

a
2

a
2

q0

Figure 3.2: A game automaton. Unspecified guards and invariants are “true”.

Theorem 4. (non-determinacy) For allc > 0, there exists a game structure

G = (S, Acts1, Acts2,Γ1,Γ2, δ, r)

with a states ∈ S, and two “spoiling” strategiesπ∗
1 ∈ Π1, π∗

2 ∈ Π2, such that the following holds:

sup
π1∈Π

1

sup {w1(σ) | σ ∈ Outcomes (s, π1, π
∗
2)} ≤ −c

sup
π2∈Π

2

sup {w2(σ) | σ ∈ Outcomes (s, π∗
1 , π2)} ≤ −c.

As a consequence,v1(s) ≤ −c andv2(s) ≤ −c.

Proof. Consider the game of Figure 3.2. We take forπ∗
1 ∈ Π1 andπ∗

2 ∈ Π2 the strategies that always

play∆0 at q0. Let s0 = 〈q0, [x := 0]〉, and consider the value

v̂1(s0) = sup
π1∈Π

1

sup {w1(σ) | σ ∈ Outcomes (s0, π1, π
∗
2)} .

There are two cases. If eventually player 1 plays forever∆0 in s0, player 1 obtains the value−∞, as

time does not progress, and player 1 is not blameless. If player 1, whenever ats0, eventually playsa1,

then the value of the game to player 1 is−c. Hence, we havêv1(s0) = −c. The analysis for player 2

is symmetrical.

Note that in the theorem we takesup, rather thaninf as in (3.2), over the set of outcomes arising

from the strategies. Hence, the theorem states that, even ifthe choice among actions is resolved in

favor of the player trying to achieve the value, there is a game with a states wherev1(s) + v2(s) ≤

−2c < 0. Moreover, in the theorem, the adversary strategies are fixed, again providing an advantage

to the player trying to achieve the value.
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The example of Figure 3.2, together with the above analysis,indicates that we cannot define the

value of an average reward discrete-time game in a way that leads to determinacy, and enforces time

progress. In fact, consider again the case in which player 2 plays always∆0 at s0. If, beyond some

point, player 1 plays forever∆0 in s0, time does not progress, and the situation is symmetrical wrt.

players 1 and 2: they both play forever∆0. Hence, we must rule out this combination of strategies

(either by assigning value−∞ to the outcome, as we do, or by some other device). Once this is

ruled out, the other possibility is that player 1, whenever in s0, eventually playsa1. In this case, time

diverges, and the average value to player 1 is−c. As the analysis is symmetrical, the value to both

players is−c, contradicting determinacy.
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Chapter 4

Some Restrictions Apply

Our approach to finding the value of the infinite game is to recycle the technique used by Ehrenfeucht

and Mycielski [10] in a game similar to the one under our consideration. Their insight was to recognize

that an infinite path on a finite graph is necessarily composedof a series of loops. By creating a related

finite game, they were able to show that there is a strategy in the infinite game that can achieve the

same reward which is enforceable in the finite game.

The key to the relation between the infinite game and the finitegame is the series of loops which

make up the path in the infinite game. The finite game is played on the same game structure, but

terminates as soon as a loop is closed (i.e.,, a state is repeated). Back in the infinite game, we can play

using the strategy from the finite game, with one modification: every time a loop is closed, pretend

that the loop portion never happened.

As an example, consider the graph shown in Figure 4.1. One possible outcome of the infinite

game starts by visiting the statesABCB. At this point, the finite game would have terminated; by

removing the loop (namely,CB), we are left with a path visitingAB. By moving toD, the path leads

to the finite gameABDEA, and a new loop is closed. Note that the true path in the infinite game is

nowABCBDEA, but is composed of two loops and represent two finite games.

In the remainder of this chapter, we will present proofs similar to those presented by Ehrenfeucht

and Mycielski [10]. However, to complete the proof of Theorem 7, we must require that rewards be

non-zero only when time advances; more specifically, simpleloops with non-zero reward accumulated

along their transitions and notick events confound the proof. This was not a problem in the game
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A B

C

DE

a1

c2
f2

e1

b2

d1

Figure 4.1: An example graph where the players take turns making plays. Actions are marked with a
superscript indicating which player may play the action.

analyzed in [10] because their equivalent of “time” advanced on every move.

4.1 The Finite Game

The turn-based finite game is played on the same discrete-time game structure, and terminated as soon

as a loop is closed; that is, when a state is first repeated. Thetermination condition assures a finite

game, because the game is played over finitely many states; eventually, one must be repeated.

The final payoff received by player 1 (and lost by player 2) is equal to the sum of the rewards

found in the loop, divided by the number oftick events found in the loop. If there are notick events

in the terminating loop, then the payoff is determined according to blame. If player 1 is blameless in

the loop, then a payoff of+∞ is assigned; if player 1 receives any blame, then a payoff of−∞ is

assigned.

Definitions pertaining this game have a “tf” superscript that stands for “turn-based finite”. A

maximal runin the finite game is a1-runσ = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn such thatsn is the first state

that is repeated inσ. Formally,n is the least number such thatsn = sj , for somej < n. We set

loop(σ) to be the suffix ofσ: sj , 〈a
1
j , a

2
j , a

T
j 〉, . . . , sn. Forπ1 ∈ Πt

1, π2 ∈ Πt

2, ands ∈ S, we denote

by Outcomestf(s, π1, π2) the unique maximal run that starts ins and is consistent withπ1 andπ2.

In the finite game, a maximal runσ ending with the loopλ is assigned the value of the infinite run

obtained by repeatingλ forever. Formally,wtf

1 (σ) = w1(σ · λω), whereλω denotes the concatenation

of numerably many copies ofλ (and common states are included only once). The value assigned to a
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strategyπ1 ∈ Πt

1 and the value assigned to the whole game are defined as follows.

vtf

1 (s, π1) = inf
π2∈Πt

2

wtf

1 (Outcomes tf(s, π1, π2))

vtf

1 (s) = sup
π1∈Πt

1

vtf

1 (s, π1).

4.2 Value Proofs

We now introduce definitions to show how to construct the loop-cutting strategy (called the “forgetful

strategy” in [10]) for the infinite game. For a1-run σ = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn, let firstloop(σ)

be the operator that returns the first simple loop (if any) occurring in σ. Similarly, let loopcut(σ) be

the operator that removes the first simple loop (if any) fromσ. Formally, if σ is a simple run (i.e., it

contains no loops) we setfirstloop(σ) = ε (the empty sequence), andloopcut(σ) = σ. Otherwise,

let k ≥ 0 be the smallest number such thatσj = σk for somej < k; we then set

firstloop(σ) = σj , 〈a
1
j , a

2
j , a

T
j 〉, . . . , σk−1, 〈a

1
k−1, a

2
k−1, a

T
k−1〉, σk

loopcut(σ) = σ0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , σj , 〈a

1
k, a2

k, aT
k 〉, . . . , σn

We define thequasi-segmentationQSeg(σ) to be the sequence of simple loops obtained by applying

firstloop repeatedly toσ.

QSeg(σ) =





ε if firstloop(σ) = ε

firstloop(σ) · QSeg(loopcut(σ)) otherwise

For an infinite runσ, we setQSeg(σ) = limn→∞ QSeg(σ≤n). Given a finite runσ, loopcut can only

be applied a finite number of times before it converges to a fixpoint. We call this fixpoint the residual

of the loop-cutting process,residual(σ). Notice that for all runsσ, residual(σ) is a simple path and

therefore its length is bounded by|S|.

For simplicity, we developed the above definitions for1-runs. The corresponding definitions of

residual(σ) andQSeg(σ) for 2-runsσ are similar.

28



σj
σi σj−1

λ1

Figure 4.2: Nodes linked by dashed lines represent the same state of the game. This example closes
the loop, then repeats some states of the loop before leavingthe loop.

For all i ∈ {1, 2} and all strategiesπ ∈ Πt

i, we define the loop-cutting strategỹπ as π̃(σ) =

π(residual(σ)) for all σ ∈ FRunsi. Intuitively, π̃ behaves likeπ until a loop is formed. At that point,

π̃ forgets the loop, behaving as if the whole loop had not occurred.

Lemma 5. Given a strategy,πi, for playeri in the finite game, then the residual of every run of an

infinite game played with the loop-cutting strategy,π̃i, is the prefix of some finite run consistent with

πi:
Formally stated for player 1:

∀π1 ∈ Πt

1.∀π2 ∈ Πt

2.∀σ ∈ Outcomes t ∞(s, π̃1, π2).∀k ≥ 0

.∃π′
2 ∈ Πt

2.∃σ′ ∈ Outcomes tf(s, π1, π
′
2).∃ρ | σ′ = residual(σ≤k) · ρ

Proof. We prove the statement for player 1, as the proof is similar for player 2. The proof is by

induction on the length ofQSeg(σ≤k). If QSeg(σ≤k) is the empty sequence (i.e.σ≤k contains no

loops), the result is easily obtained, asπ̃1 coincides withπ1 until a loop is formed. So, we can take

π′
2 = π2 and obtain the conclusion.

On the other hand, supposeQSeg(σ≤k) = λ1, . . . , λn. For simplicity, supposeλ1 6= λ2. As

illustrated in Figure 4.2, letσj be the first state afterλ1 that does not belong toλ1. Then,σj−1

belongs toλ1 and there is another indexi < j − 1 such thatσi = σj−1. So, the game went twice

throughσj−1 and two different successors were taken. However, player 1 must have chosen the same

move inσi andσj−1, as by constructioñπ1(σ≤i) = π̃1(σ≤j−1). Therefore, the change must be due to

a different choice ofπ2. It is easy to deviseπ′
2 that coincides withπ2, except thatλ1 may be skipped,

and atσi, the successorσj is chosen. We can then obtain a runρ = outcomet ∞(s, π̃1, π
′
2) and an

integerk′ ≥ 0 such thatQSeg(ρ≤k′) = λ2, . . . , λn andresidual(ρ≤k′) = residual(ρ). The thesis is
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obtained by applying the inductive hypothesis toρ andk′.

Lemma 6. Given a strategy,πi, for player i in the finite game, and the corresponding loop-cutting

strategy,π̃i, all loops appearing in the quasi-segmentation of a run of the infinite game played with

π̃i are terminating loops from some maximal run of the finite gameplayed withπi.
Formally stated for player 1:

∀π1 ∈ Πt

1.∀π2 ∈ Πt

2.∀σ ∈ Outcomes t ∞(s, π̃1, π2)

.∀λ ∈ QSeg(σ).∃π′
2 ∈ Πt

2.∃σ′ ∈ Outcomes tf(s, π1, π
′
2) | λ = loop(σ′)

Proof. We prove the statement for player 1, as the proof is similar for player 2. LetQSeg(σ) =

λ1, λ2, . . ., andλ = λj for anyj. Let k be the largest integer such thatQSeg(σ≤k) = λ1, . . . , λj−1.

Clearly, this means that the last edge ofλj isσk, 〈a1
k, a2

k, aT
k 〉, σk+1. Also, at the end ofresidual(σ≤k)

are all the edges ofλj , except the last one. By applying Lemma 5 toσ andk, we obtainπ′
2 ∈ Πt

2 and

σ′ = Outcomestf(s, π1, π
′
2) such thatσ′ = residual(σ≤k) ·ρ. To get the specific maximal run so that

loop(σ′) = λ, we defineπ′′
2 to coincide withπ′

2, except forπ′′
2 (residual(σ≤k) · 〈a1

k+1〉) = a2
k+1.

Theorem 7. Letπ1 be a strategy for player 1 in the finite game, so thatπ̃1 is the corresponding loop-

cutting strategy in the infinite game. Thenπ̃1 is able to secure a value in the infinite game greater

than or equal to the value whichπ1 secures in the finite game.
Formally:

∀s ∈ S.∀π1 ∈ Πt

1 | vt ∞

1 (s, π̃1) ≥ vtf

1 (s, π1).

Proof. Clearly, the theorem is trivially true whenvtf

1 (s, π1) = −∞, and we therefore only consider

the case wherevtf

1 (s, π1) > −∞.

Let ν = vtf

1 (s, π1). Fix a player 2 strategyπ2 ∈ Πt

2, and letσ = Outcomes t ∞(s, π̃1, π2). Apply

quasi-segmentation toσ, and letQSeg(σ) = (λ1, λ2, . . .). Since, by Lemma 6, each of these loops

must be a terminating loop possible underπ1 in the finite game, they each must have a reward ofν or

greater.

Consider the case where an infinite number of loops from the list(λ1, λ2, . . .) contain atick event,

indicating that time diverges in the infinite trace. Recall that, for this chapter, rewards are non-zero
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only at moves that represent atick event, so any terminating loops of the finite game that have notick

event must also have no reward. Therefore, we can write the following inequality which must hold

for every loop occurring in the quasi-segmentation:

R(λi) ≥ ν · T (λi)

since loops with notick event evaluate to zero on both sides of the inequality, and loops withtick

events are defined to have a value ofR(λi)/T (λi) (which must be greater or equal to the securable

value,ν). and then sum this inequality over every loop. If, for alln ≥ 0, we letmn = |QSeg(σ≤n)|,

then we can write the sum as:

lim inf
n→∞

mn∑

j=1

R(λi) ≥ ν · lim inf
n→∞

mn∑

j=1

T (λi)

To calculate the value over the entire infinite trace, we mustalso account for the reward and time

accumulated in the residual portion of the trace. These are finite values, however, being counted as

part of an infinite sum, and do not contribute to the final sum:

wt ∞

1 (σ) = lim inf
n→∞

R(σ≤n)

T (σ≤n)

= lim inf
n→∞

R(residual(σ≤n)) +
∑mn

j=1 R(λj)

T (residual(σ≤n)) +
∑mn

j=1 T (λj)

= lim inf
n→∞

∑mn

j=1 R(λj)∑mn

j=1 T (λj)

≥ ν

Thus, when time diverges in the infinite game, every run has a value at least as large as the value of

the finite strategyπ1. Therefore,vt ∞

1 (s, π̃1) ≥ ν.

Now consider the case where only a finite number of loops from the list (λ1, λ2, . . .) contain a

tick event. There must then exist some point,k ≥ 0, in the run (and some corresponding loop in

the quasi-segmentation), so that there are notick events beyondσk. Consider a loopλj entirely

occurring afterσk. Obviouslyλj contains no time steps. Moreover, by Lemma 6,λj is a terminating

loop for a maximal runρ in the finite game underπ1. Sincevtf

1 (s, π1) > −∞, it must be the case that
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wtf

1 (ρ) = +∞. Consequently,blameless1(ρ) must be true, and therefore player 1 is blameless in all

edges inλj .

Now, let k′ ≥ 0 be such that each state (and edge) afterσk′ will eventually be part of a loop of

QSeg(σ). Let k′′ = max{k, k′}. Then, all edges that occur afterk′′ will eventually be part of a

loop where player 1 is blameless. Consequently,k′′ is a witness to the fact thatblameless1(σ), and

thereforewt ∞

1 (σ) = +∞ ≥ ν.

Theorem 8. For all s ∈ S andπ2 ∈ Πt

2, it holdsvt ∞

1 (s, π̃2) ≤ vtf

1 (s, π2).

Proof. Let ν = vtf

1 (s, π2). Similarly to Theorem 7, we can rule out the caseν = +∞ as trivial. Fix

a player 1 strategyπ1, and letσ = Outcomes t ∞(s, π1, π̃2). We show thatwt ∞

1 (σ) ≤ ν. If time

diverges onσ, the proof is similar to the analogous case in Theorem 7. Otherwise, letk ≥ 0 be such

that no time steps occur inσ after σk. Consider a loopλ ∈ QSeg(σ), entirely occurring afterσk.

Obviouslyλ contains no time steps. Moreover, by Lemma 6,λ is a terminating loop for a maximal

run ρ in the finite game underπ1. Sincevtf

1 (s, π1) < +∞, it must bewtf

1 (ρ) = −∞. Consequently,

it holds¬blameless1(ρ) and in particular player 1 is blamed in some edge ofλ. This shows that

¬blameless1(σ), and consequentlywt ∞

1 (σ) = −∞ ≤ ν.

Theorem 9. For all s ∈ S, vt ∞

1 (s) = vtf

1 (s).

Proof. Theorems 7 and 8 show that the infinite game is no harder than the finite one, for both players.

Since this game is finite and turn-based, the minmax principle tells us that, for alls ∈ S, it holds:

sup
π1∈Π

1

inf
π2∈Π

2

wtf

1 (Outcomes tf(s, π1, π2)) = inf
π2∈Π

2

sup
π1∈Π

1

wtf

1 (Outcomes tf(s, π1, π2)).

and we see that

vtf

1 (s) = sup
π1∈Πt

1

vtf

1 (s, π1) = inf
π2∈Πt

2

vtf

1 (s, π2)

Referring back to Theorem 7 and the definition of value in the turn-based infinite game, we see

vt ∞

1 (s) = sup
π1∈Πt

1

vt ∞

1 (s, π1) ≥ sup
π1∈Πt

1

vt ∞

1 (s, π̃1) ≥ sup
π1∈Πt

1

vtf

1 (s, π1) = vtf

1 (s)
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but Theorem 8 tells us

inf
π2∈Πt

2

vt∞

1 (s, π̃2) ≤ inf
π2∈Πt

2

vtf

1 (s, π2) = vtf

1 (s)

and clearly,

inf
π2∈Πt

2

vt∞

1 (s, π2) ≤ inf
π2∈Πt

2

vt ∞

1 (s, π̃2)

Again appealing to the definition of value in the turn-based game, and doing several substitutions, we

find:

vt ∞

1 (s) = sup
π1∈Πt

1

vt ∞

1 (s, π1) = sup
π1∈Πt

1

inf
π2∈Πt

2

wt ∞

1 (Outcomes t ∞(s, π1, π2))

≤ inf
π2∈Πt

2

sup
π1∈Πt

1

wt ∞

1 (Outcomes t ∞(s, π1, π2))

≤ inf
π2∈Πt

2

vt ∞

1 (s, π2) ≤ vtf

1 (s)

Since we have shown bothvt ∞

1 (s) ≥ vtf

1 (s) andvt ∞

1 (s) ≤ vtf

1 (s), the two values must be equal.

4.3 Memoryless Strategies

By following the “forgetful game” construction and proofs used by [10], we can derive a similar

result on the existence of memoryless strategies for both players. The proof depends on the fact that

the value of forgetful game is the same as the turn-based finite game (and hence, the same as the

infinite game, from Theorems 9 and 3), and follows the same inductive steps as provided in [10].

To this end, following [10], we define a modified version of thefinite game, which is still played
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on the same discrete-time game structure. For a states ∈ S, thes-forgetful game is played as the

finite game, except that the first times is encountered while playing, the history up tos is forgotten

for the purpose of checking game termination. Formally, a maximal run in thes-forgetful game is a

finite runσ = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sn such that:

• eithers does not occur inσ andsn is the first state that is repeated inσ,

• or σk is the first occurrence ofs in σ, andsn is the first state that is repeated inσ≥k.

We defineloop(σ) to be the final loopλ of σ, and we setwtf,s
1 (σ) = wtf

1 (σ · λω). We denote

by Outcomes tf,s(t, π1, π2) the unique maximal run in thes-forgetful game that starts int and is

consistent withπ1 andπ2. The value assigned to a strategyπ1 ∈ Πt

1 and the value assigned to the

whole game are defined as usual:

vtf,s
1 (t, π1) = inf

π2∈Πt

2

wtf,s
1 (Outcomes tf,s(t, π1, π2)); vtf,s

1 (t) = sup
π1∈Πt

1

vtf,s
1 (t, π1).

Lemma 10. For all s, t ∈ S, vtf

1 (t) = vtf,s
1 (t).

Proof. SKETCH: By considering whether a run goes through states or not, we show thatwtf,s
1 (σ) is

always greater than or equal tovtf

1 (t). Butvtf,s
1 (t) is the least enforceablewtf,s

1 (σ), and must then also

be greater than or equal tovtf

1 (t).

〈1〉1. Letπ1 ∈ Πt

1 be the optimal strategy for player 1 in the finite game, starting at statet.

〈1〉2. Letν = vtf

1 (t), which is the value that optimalπ1 can enforce.

〈1〉3. By Theorems 3 and 9, we also haveν = vt ∞

1 (t) = v1(t).

〈1〉4. Fix an arbitrary strategyπ2 ∈ Πt

2 for player 2, and letσ = Outcomes tf,s(t, π̃1, π2). Note that

we use the loop-cutting strategyπ̃1 in thes-forgetful game.

〈1〉5. We then havewtf,s
1 (σ) ≥ vtf

1 (t).

〈2〉1. There are two cases to consider: whenσ passes through states, and when it does not.

〈2〉2. First consider the case whereσ never passes throughs.

wtf,s
1 (σ) = wtf

1 (σ) rewards are the same whens does not occur.
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wtf

1 (σ) ≥ ν sinceπ1 is optimal

wtf,s
1 (σ) ≥ vtf

1 (t) by transitivity and substitution

〈2〉3. The other possible case is whereσ passes throughs. In this case, we observe thatwtf,s
1 (σ)

is determined by the final loopλ = loop(σ).

〈2〉4. There is aπ′
2 ∈ Πt

2 such thatσ′ = Outcomest ∞(t, π̃1, π
′
2) ends with the sequenceλω.

This is because thẽπ1 forgets every loop closed, and tries to repeat it. If entering the loop

is the decision of player 2, we chooseπ′
2 to repeatedly take the loop.

〈2〉5. Now we can analyzewtf,s
1 (σ):

wtf,s
1 (σ) = wt ∞

1 (σ · λω) definition of reward in thes-forgetful game.

= wt ∞

1 (σ′) Definition ofσ′.

≥ vt ∞

1 (t, π̃1) definition ofvt∞

1

≥ vtf

1 (t, π1) by Theorem 7

≥ vtf

1 (t) sinceπ1 is the optimal strategy fromt in the finite game

〈1〉6. Sincewtf,s
1 (σ) ≥ vtf

1 (t) for an arbitraryπ2,

vtf,s
1 (t, π̃1) = inf

π2∈Πt

2

wtf,s
1 (Outcomes tf,s(t, π̃1, π2)) ≥ vtf

1 (t)

〈1〉7. Strategỹπ1 might not be the optimal strategy in thes-forgetful game, so

vtf,s
1 (t) = sup

π′∈Πt

1

vtf,s
1 (t, π′) ≥ vtf,s

1 (t, π̃1) ≥ vtf

1 (t)

〈1〉8. Conversely, we can provevtf,s
1 (t) ≤ vtf

1 (t) by a symmetrical argument which exchanges the

roles of the two players.

〈1〉9. Therefore, we concludevtf,s
1 (t) = vtf

1 (t).
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Theorem 11. For all i ∈ {1, 2}, andt ∈ S, there exists a memoryless optimal strategy for playeri.

Formally, there existsπi ∈ Πi such thatv1(t, πi) = v1(t) andπi is memoryless.

Proof. We prove the statement fori = 1, as the other case is symmetrical. We develop our arguments

for the finite turn-based game, as the conclusion for the original timed game follows from from Theo-

rem 7. We proceed by complete induction onn =
∑

s∈S |M1(s)| − |S|. Whenn = 0, only one move

is available to player 1 at each state and there is obviously amemoryless optimal strategy.

Suppose that the statement is true for all integers up ton ≥ 0, and consider the situation where
∑

s∈S |M1(s)| − |S| = n + 1; in this case, there is at least one state,s, where|M1(s)| > 1. In this

game structure (call itG), we can play thes-forgetful game, and Lemma 10 states that the game value

will be the same as that of the normal turn-based finite game,vtf,s
1 (G, t) = vtf

1 (G, t), which can be

ensured by some strategy,π1. By Theorems 3 and 9,vtf

1 (G, t) = vt ∞

1 (G, t) = v1(G, t), so strategyπ1

is able to ensurev1(G, t) in thes-forgetful game. Letν = v1(G, t).

Clearly,π1 only plays one move at states in the s-forgetful game (call this movea ∈ M1(s)),

because any return tos would end the game. Therefore, we can setΓ′
1(s) = {a} (and leave the

enabled moves for all other states the same) as part of a new discrete-time game structure

G′ = (S, Acts1, Acts2,Γ
′
1,Γ2, δ, r)

and still be consistent with howπ1 desires to play thes-forgetful game.

SinceG′ is consistent withπ1 in thes-forgetful game,π1 is able to ensure at least the same value

as inG, namelyν. Moreover, sinceG′ contains less choices for player 1, no player 1 strategy can

achieve a value greater thanν. So,vtf,s
1 (G′, t) = ν. By again appealing to Lemma 10 and Theorems 3

and 9, we find thatν = vtf,s
1 (G′, t) = vtf

1 (G′, t) = vt ∞

1 (G′, t) = v1(G
′, t).

To summarize, we have constructed a reduced game structure,G′, with valuev1(G
′, t) = ν. Notice

that our inductive hypothesis applies toG′, since
∑

s∈S |M ′
1(s)| − |S| ≤ n. Therefore, there exists

some memoryless strategy,π⋆
1 , which is able to ensureν when played onG′. But thenπ⋆

1 is also able

to ensureν in the originalG since all moves thatπ⋆
1 might play exist inG. This demonstrates the

desired conclusion for player 1.

36



Chapter 5

Conclusions

5.1 Future Work

We have presented a generalization of the long-run average work done by Ehrenfeucht and Myciel-

ski [10], where time is advanced by a specific action taken by the players in unison. A notable

restriction in our proof is that non-zero rewards for actions are only permitted when the action is∆1

(that is, non-zero rewards are accumulated only when time isadvancing).

Removing the Restriction

Jackpotsare a feature of some graphs, where there is a reward for an immediate action, which result in

a counter-intuitive strategy for winning. In Figure 5.1, wesee a timed automaton where reward can be

accrued in only two ways: as time advances in states0, or when the transition froms0 to s1 is taken.

The best strategy, according to the finite game of the last chapter, is for both players to advance time

ats0. Player 2 has a better strategy, though — sometimes advancing time ats0 and sometimes playing

actiona2. By repeatedly playinga2, player 2 can drive the total accumulated reward downward to

any level she selects. Judicious alternation between advancing time and ever decreasing accumulated

rewards leads to a reward of∞ for player 2, since the definition of the long-run average reward

includes a “lim inf” in the definition:

r(σ′) = lim inf
n→∞

R(σ′
≤n)

T (σ′
≤n)

.
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∆0

r = −1
a2

a1

a2

a1

s0

s1

s2

∆0

∆0

Figure 5.1: This graph shows a game which is well-formed, butplayer 2 can get an arbitrary amount
of reward betweentick events. Unspecified guards and invariants are taken to betrue and always
satisfied; unspecified rewards are assumed to be zero. The boxed region on the left is a2-jackpot
which can generate this large reward.

A jackpot, then, is any loop without atick event that has a non-zero reward, and one of the players

does not have a strategy to avoid the loop. It is only useful, however, if the player that benefits can

also cause atick event to occur, and then return to the jackpot loop.

As in [10], we solved for the long-run average reward in our framework by showing a mapping

to a simpler finite game where the game terminates as soon as a cycle is formed in the moves of the

players. This same finite game does not work for cases such as Figure 5.1 because a second cycle

is necessary to determine whether one of the opponents can periodically force time to advance in a

way that gives them the advantage in the “lim inf” calculation. We believe that a different finite game

might exist which has equivalent value to the infinite game, but more research is required to discover

that finite game and create valid proofs.

Other Directions

Many works in priced timed games assume that time is a continuous variable, rather than discrete.

Due to the finite nature of the timed automata specification, it might be possible to allow continuous

time in our own framework. This would allow each player to specify the amount of time they would
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like to wait, and allows more complex interactions between the players.

Another interesting variation on the framework would be to incorporate probabilistic weighting

on actions. This would allow us to calculate a “worst expected performance”, rather than a “worst

case performance.” Such modeling would be extremely usefulin hybrid electric cars, which currently

always charge batteries when the internal combustion engine is on; on an uphill which will be imme-

diately followed by a downhill (as in a mountain pass), any “extra” charge that is generated on the

downhill is wasted as soon as the batteries are at full capacity. Through the use GPS and topographic

maps, a car which could predict a likely downhill would be able to expend all the battery energy on

the uphill and then recover the charge on the downhill, reducing gas consumption.

5.2 Summary

Real-time embedded systems often have strict performance goals that must be adhered to under any

arbitrary environment. We have constructed a discrete-time version of priced timed games that is

suitable for modeling many problems in this domain, and discuss some variations on well-formedness

criteria. We present proofs that a finite game, which terminates when a cycle is formed, has the

same securable value to each player as in the infinite game, and that there is a positional strategy

which achieves the value. These proofs represent a generalization of the long-run average games of

Ehrenfeucht and Mycielski [10] to solve for strategies thatachieve the worst-case optimal performance

in this framework.
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Appendix A

Additional Well-Formedness Proofs

These are some proofs that use the well-formedness condition of chapter 3 to show the correspondence

between the finite and infinite games. These are analogous to the proofs based on the value of the finite

game to a player, since a well-formed graph implies that there is a strategy to achieve a value greater

than−∞ for both players.

Lemma 12. Given a strategy,π∗
i , which is a witness for well-formedness in the finite game for

player i, we consider the infinite strategy,π̃∗
i . In all loops created bỹπ∗

i when playing against some

opponent strategy,π∼i, either time must diverge, or playeri is always not to blame.

Proof. SKETCH: We show that the lemma must be true for the first loop made in aninfinite game. By

the construction of̃π∗
i , there are alternative traces where the second loop of the original trace becomes

the first loop of the new trace. This recursive application ofthe lemma continues until all possible

loops are covered. We make the case for player 1, but the arguments apply equally well to player 2.

〈1〉1. We are given a well-formed finite game, andπ∗
1 andπ̃∗

1 strategies for the game, satisfying the

following:

WF1(G) =⇒ ∃π∗
1 ∈ Πt

1.∀π2 ∈ Πt

2.∀σ ∈ Outcomes tf(s, π∗
1 , π2)

| σ |= 2 3 tick ∨ σ |= 32¬bl1

π̃∗
1(s0, 〈a

1
0, a

2
0, a

T
0 〉, . . . , sk) = π∗

1(residual(s0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sk))
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〈1〉2. Letσ≤r−1 = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sr−1 be a partial play of the infinite game where player 1

has been using strategyπ∗
1 and player 2 has been using strategyπ2, and the first loop to occur

has just been closed.

〈1〉3. Since a loop has just been closed, then we know that there isa j < r − 1 such thatsj = sr−1,

and the run of the game played so far can now be written as:

σ≤r−1 = s0, 〈a
1
0, a

2
0, a

T
0 〉, s1, . . . , sj−1, 〈a

1
j−1, a

2
j−1, a

T
j−1〉, sj , . . . , sr−1

〈1〉4. Up until this point,π̃∗
1(σ≤i) = π∗

1(σ≤i), for all i up to and includingi = r − 1. Therefore,

σ≤r−1 can be described as a play of the finite game, using strategyπ∗
1 .

〈1〉5. Sinceπ∗
1 is a witness to the well-formedness condition for player 1 inthe finite game, we know

that:

(s0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sj−1, 〈a

1
j−1, a

2
j−1, a

T
j−1〉)(sj , . . . , sr−1)

ω |= 23 tick ∨ 3 2¬bl1

〈1〉6. Both the time divergence and blameless conditions describe conditions that apply to the infinite

path in a way which allows us to discard any finite prefix and still satisfy the conditions:

(sj , . . . , sr−1)
ω |= 2 3 tick ∨ 32¬bl1

Thus, we have demonstrated that in the first loop created by a play of π̃∗
1 againstπ2, it must be

the case that there is atick event within the loop, or player 1 is not to blame anywhere within

the loop.

〈1〉7. To extend this result to further loops in the run, set us nowconsider the case where one further

move has been played:σ≤r = s0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sr. The two cases to consider are whether

it is player 1’s play that dictates the move tosr, or whether it is player 2’s play.

〈2〉1. Case “player 1’s choice”: In this case, we know that the finite strategy must have provided
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the movea1
r−1 = aT

r−1, so:

aT
r−1 = π̃∗

1(σ≤r−1)

= π∗
1(residual(σ≤r−1))

= π∗
1(s0, 〈a

1
0, a

2
0, a

T
0 〉, . . . , sj)

But this means thats0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sj , sr is a possible trace of the finite game with

at most one loop. Thus, we can reapply steps〈1〉2 through〈1〉6 to

s0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sj , sr

to show that the first loop that appears in this new run must also satisfy the well-formed-

ness condition for player 1.

〈2〉2. Case “player 2’s choice”: By player 2’s choice, we mean that a1
r−1 6= aT

r−1; the move to

sr is due to a play of player 2. Using a similar set of equalities as in the other case, we

can conclude

π∗
1(s0, 〈a

1
0, a

2
0, a

T
0 〉, . . . , sj) = a1

j = a1
r−1 6= aT

r−1

In fact, we already know thata1
j must be the move describing the edgesj〈a

1
j 〉sj+1, so

that we have:

π2(s0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sr−1〈a

1
j 〉) = a2

r−1

wherea2
r−1 is the move that defines the edgesr−1〈a

2
r−1〉sr. Sincea2

r−1 is a valid move

for player 2 at the current state of the game, it must have alsobeen a valid move when

the game was at the same state earlier — namely,sj . Therefore, there must exist some

strategy,π′
2, such that it is the same asπ2 except that

π′
2(s0, 〈a

1
0, a

2
0, a

T
0 〉, . . . , sj〈a

1
j 〉) = a2

r−1
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The existence of this alternative strategy for player 2 thenadmits the existence of a pos-

sible run of the finite game which looks like

σ′ = s0, 〈a
1
0, a

2
0, a

T
0 〉, . . . , sj〈a

1
j , a

2
r−1, a

2
r−1〉, sr)

where there is only at most one loop in the run (terminating atsr). As in the other case,

we can reapply steps〈1〉2 through〈1〉6 to σ′ to show that the first loop that appears in

this new run must also satisfy the well-formedness condition for player 1.

〈1〉8. By repeating this argument for each possible trace and every loop in each trace, we end up at

the result that all loops must satisfy the well-formedness condition for player 1.

Theorem 13. Let π1 be a strategy for player 1 in the finite game, andπ̃1 be an infinite strategy for

player 1 which is formed using the loop-cutting method. Ifπ1 is a witness to well-formedness of the

finite game, theñπ1 is a witness to well-formedness in the infinite game.

Proof. SKETCH: Every loop in the quasi-segmentation of an infinite run is a possible terminating

loop from the finite game. By reasoning about the properties of these loops, we obtain the result.

〈1〉1. By hypothesis, strategyπ1 (and by extension, strategỹπ1) generates only loops which individ-

ually satisfy the well-formedness condition (follows fromlemma 12), no matter what strategy,

π2 ∈ Πt

2, that player 2 may employ.

〈1〉2. For all possible runs resulting from̃π1 playing againstπ2, we can describe the run as a set of

loops which make it up:

∀σ ∈ Outcomes t ∞(s, π̃1, π2) | QSeg(σ) = (λ1, λ2, . . .)

〈1〉3. Consider the set of loops in the quasi-segmentation. Either there are infinitely many loops in

which time diverges, or there are a finite number of such loops.

〈2〉1. Case I: If there are infinitely many loops in which time diverges, then it must be the case

thatσ |= 23tick as well, and thereforeWFC1(σ) is true.
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〈2〉2. Case II: Since each loop satisfies the well-formedness condition, but only a finite number

let time diverge, then there must exist some point beyond which time never diverges and

instead each loop must have player 1 be blameless (because they are well-formed loops):

∃k.∀i > k | λi |= 2¬tick ∧ 2¬bl1. Since every loop after this point satisfies2¬bl1

and there are only a finite number of steps which might not belong to any loop, then

σ |= 32¬bl1, and thereforeWFC1(σ) is true.

〈1〉4. For every possible run generated by an arbitrary strategyπ2 and the loop-cutting strategỹπ1,

we find that the run must satisfy the well-formedness condition. But this means that̃π1 must be

a witness to well-formedness in the infinite game.

Corollary 14. If a game structure is well-formed in the finite version of thegame, then it is also

well-formed in the infinite version of the game.

Proof. By hypothesis, the game is well-formed, so by definition there must exist a strategy of the

finite game,π∗
1 , which is a witness to the well-formedness for player 1. Construct the infinite strategy

π̃∗
1 from π∗

1 using the loop-cutting method, and apply Theorem 13. Thus,π̃∗
1 is a witness to well-

formedness for player 1 in the infinite game. Similarly, there must exist aπ∗
2 and a constructed̃π∗

2

which are witnesses for player 2 of the well-formedness of the finite and infinite versions of the game.

By definition, the infinite game must then be well-formed since it is well-formed for both players.
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